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Abstract. A path space realization of PSL{2,Z) is given, by 
means of which an action of this group on sections of the uni- 
versal prounipotent bundle with connection on \ {0,1, 00} is 
produced. Under this action, the distinguished section given by 
the polylogarithm generating series Li(z) is mapped to a family of 
formal power series each multiplied by Li(z) itself. The resulting 
expressions are prototypical of statements of the quasi-modularity 
defined in the paper. In this case, the automorphy factors corre- 
sponding to the involutive and free generators of PSL{2,Z) are 
respectively given by a transform of the Drinfel'd associator and 
an i?-matrix. Since we prove also that the associated mapping of 
PSL(2, Z) into formal power series is injective, a power series real- 
ization of PSL{2, Z) emerges which constitutes both an embedding 
of this group into the prounipotent completion of the fundamental 
group of \ {0, 1,00}, and also into Drinfel'd's formal power 
series model of the quasi-triangular quasi-HoPF algebras. For cer- 
tain qtqH algebras (satisfying an hypothesis on the i?-matrix), a 
mapping of representations of such algebras into the representa- 
tions of PSL(2, Z) arises. The quasi-modularity provides an echo 
of usual modularity in an important example: Riemann's contour 
integral proof of the functional equation of the zeta function C(s) 
is shown to belong to a family of proofs following from the quasi- 
modularity of Li(z), reminiscent of the way in which the modularity 
of the theta function yields his Fourier analysis proof. 
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Introduction 

Consider the monodromy representation x of the fundamental group 
of \ {0, 1, oo} which under the Riemann-Hilbert correspondence 
is associated to the universal prounipotent bundle U with connection 
V on \ {0, 1, oo}, (see |Hai94] for example). As is well known (cf. 
[Haij ) . X may be realized in C «Xo,Xi», the ring of formal power 
series in non-commuting variables Xq and Xi with complex coefficients. 
This is done by associating Chen series to the classes of paths in the 
fundamental group: Explicitly, 

(1) W ^ 5^ / uJi,...Ui^X,,...Xi^ 

where the sum is taken over all words in the Xj (including the empty 
word, for which the corresponding integral is 1), and if z denotes the 
usual parameter on \ {0, 1, oo}, coq = ^ while ui = (See |Hai] .) 

The main result of the present paper is the extension of the Chen map 
of ([1]) to a 1-cocycle of PSL{2,Z), into which the fundamental group 
embeds via the short exact sequence 

(2) 1 ^ 7ri(P^ \ {0, 1, oo}, c) ^ PSL{2, Z) ^ SL{2, Z/2Z) ^ 1, 

(for any basepoint c G P^ \ {0, 1, oo}), arising from the universal cov- 
ering of P^ \ {0, 1, oo} by the upper half plane - see ^ 1 below. 
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The mapping which resuhs is also the lift of a mapping of SL{2, Z/2Z) 
into C«Xo,Xi» which may be deduced from work of Okuda and 
Ueno: In |OU05j the image of the polylogarithm generating series 
under an action of SL{2,Z/2Z) was computed. Power series arising 
from this action may be regarded as the images of the corresponding 
elements of 5L(2,Z/2Z). 

The map on PSL{2,7a) is facilitated by an action of 5*^(2, Z/2Z) on 
the formal variables Xq and Xi arising from the formal Knizhnik- 
Zamolodchikov equation VG = 0, which was also given in |OU05] . 
Extending this action by linearity to the power series ring itself is a 
simple task. Write C « Xq,Xi »^ for C « Xo,Xi »^ equipped 
with this SL{2, Z/2Z) action. 

Then one establishes the principal result of the paper, namely the 
Theorem A. The monodromy representation 

F. : 7ri(pi \ {O,l,oo},ot) ^ C« Xo,Xi»^ 
admits an extension to an injective 1-cocycle 

F, : PSL{2,Z) ^ C« Xo,Xi»l . 

(See Ml KB and gTH below.) 

Because of the S'L(2,Z/2Z) action is trivial on the image of the 
fundamental group, which is why -F.Itti is a homomorphism. 

A key tool in the proof is the path space realization of PSL{2, Z) with 
which §3] below is concerned. If G-t- denotes the set of homotopy classes 

of paths in \ {0, 1, oo} emanating from ab which end in any ca with 
a, b,c,d E {0, 1, oo} then we show 

Theorem B. For any at for which a and b are distinct elements of 
{0,1, oo}, G-^ may be endowed with a group operation by means of 
which it is isomorphic to PSL{2,Z). 

(See E3] and EH below.) 

If "^ab '■ G-^ — )■ PSL{2, Z) denotes the isomorphism, then the cocycle 
of Theorem A is given by: 

a V / uJi,...uJi^Yi^...Yi^ 



w 



Yi=a-'-Xi., 



with sum and notation as above, writing a for the reduction of 
a G PSL{2,Z) to 5L(2,Z/2Z), and a-^Xi. for the Okuda-Ueno 
action of a'^ G SL{2, Z/2Z) on A^.. 
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The perspective adopted in much of the paper is that of actions of 
the respective groups on the sections of the prounipotent bundle U. 
Framing Theorem A in these terms gives an action of PSL{2, Z) on the 
polylogarithm generating series Li{z, Xq, Xi). If p denotes the cychc 
generator 

p : r I— 7- 1 + r 

of PSL{2, Z) and 

1 

cr : r I— 7- 

T 

is the involutive generator, then we show 
Theorem C. 

(3) Li''(^, Xo, Xi) = e^'^^«Li(z, Xq, Xi) 
and 

(4) Li^(z,Xo,Xi) = <l>Kz{-Xi,-Xo)U{z,Xo,X,) 

where ^kz denotes the formal power series Drinfel'd associator. 

(See SI] below.) 
Since the mapping 

describes an injective PSL{2, Z) 1-cocycle, the family of formal power 
series comprising the image of PSL{2,Z) in C «Xo,Xi » may 
be regarded as some kind of automorphy factor, whence the quasi- 
modularity of the polylogarithm generating series referred to in the 
title of the paper. 

Together with Theorem A, this result also gives an easy way to compute 
the monodromy of the polylogarithms - see 14.101 

It is interesting that in the power series realization of PSL{2, Z) given 
in Theorem A, a corresponds to the Drinfel'd associator while p 
corresponds to an i?-matrix (in Drinfel'd's formal power series model 
of the quasi-triangular quasi-HoPF algebras [henceforth qtqH algebras] 
given in |Dri91j ). By means of this observation, we can prove that if 
(A, e, A, R, $) is a qtqH algebra in which 

R = tti ® bi = bi ai 

and ^ 

= (^^Xi0yii^ =y^^Zi0yii^ Xj, 

(which is always possible by means of some symmetric gauge transfor- 
mation, see |Dri91j ). then we have 
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Theorem D. If R has (id ® A)R = (1 O R)-^, then PSL{2,Z) may 
be represented on A ^ A ^ A. 

Unless the representation factors through 5'L(2,Z/2Z), the induced 
functor from the category of representations RepA into RepPS'L(2, Z) 
is not monoidal, since RepP5'L(2, Z) is tannakian whereas RepA is 
quasi-tensored. 

The power series reahzation of PSL{2, Z) also has implications for 
the possible relations satisfied by the Drinfel'd associator: Theorem 
A can be used to prove that if E{Xq,Xi) is a formal power series, 
E{Xo, Xi)° is the image of E under the action of a G SL(2, Z/2Z) and 
S,E denotes the space of sections 

{E{Xo,X,fF^{Xo,X,)U{z,Xo,X,)\a e PSL{2,Z)}, 

then 

Theorem E. For every r] e 5L(2,Z/2Z), 6^^^ is a PSL{2,Z)-torsor. 
Here, £i = £<i.^,^ but one can prove the 

Theorem F. E^v and £i are disjoint whenever rj is even as a per- 

^KZ 

mutation in S3. 

The quasi-modularity of the polylogarithm generating series parallels 
modularity of the Jacobi theta function 6{t) in the following sense: 
In the last section of the paper, a family of integral expressions for 
the RiEMANN zeta function ({s) is exhibited, arising from an additive 
iterativity property satisfied by iterated integrals. The theta function 
integral expression for ({s) is shown to belong to a complementary fam- 
ily coming from a multiplicative iterativity property. Now as Hecke 
established in |Hec36] . analytic continuation and existence of the func- 
tional equation of ({s) are equivalent (modulo certain technical details) 
to the modularity of 0{t). By generalizing Riemann's topological 
(contour integral) approach, using the members of the family of inte- 
grals coming from additive iterativity, we show that quasi-modularity 
of Li(z, Xo, Xi) yields the proof of the analytic continuation and func- 
tional equation of (i^)- 
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1. Preliminaries 

1.1. Deligne's tangential basepoints and the fundamental path 
spaces. Suppose that X = X \ S is a. smooth curve over C where S 
is some finite set of points. In |Del89] . Deligne introduced a notion 
of fundamental group of X based at any given omitted point a G S", in 
the direction of some specified tangent vector to X at a. Classically, as 
in |Hai94] such fundamental groups with tangential basepoint may be 
defined as follows: If Vj G Taj is a tangent vector at aj G 5* for j = 0, 1, 
set 

Pvo,vi := {7 : [0, 1] ^ XIY (0) = vh, 7' (1) = -v[, 7((0, 1)) C X}. 
Then 

Definition 1.1. The fundamental path space vri(X, vo,vi) is the set of 
path components of -Pt,^,^!- 

When vi = vo, this is the fundamental group denoted tti{X, vq). 

It is immediate that the fundamental path space '71i{X,'iTq,v'i) is a left 
7ri(X, ?}o)-torsor and a right 7ri(X, ?]i)-torsor where the group actions 
are given by post- and pre-composition of paths of the respective fun- 
damental groups by the classes of paths from vq to vl. The result- 
ing isomorphisms are produced by the choice of a class of paths in 
7ri(X, I'o, I'l), and hence are non-canonical. 

On the other hand one can show that 7fi{X, vq) is naturally isomorphic 
to the usual topological fundamental group at any fixed point of X, cf. 
|Hai03j . 

This naive description is sufficient for the use of the paper. For our 
purposes, X = P^, S = {0, 1, 00}, and will denote the tangent vector 
of unit length over X at a G S", pointing in the direction of 6 G 5 for 
any b ^ a. 

Definition 1.2. Any fundamental path space of the form of 

7ri(pi\{0,l,cx)},^,^) 

where aj,bj G {0,1, 00} and aj 7^ bj for j = 0,1 will be called a 
real-based fundamental path space of \ {0, 1, 00}, and the tangential 

basepoints ajbj will be referred to as real tangential basepoints. 

Fix a real tangential basepoint a^. Then form the set 

:= U7ri(pi\{0,l,oo},3,^) 



QUASI-MODULARITY 



7 



where the union is taken over all ao, bo G {0, 1, oo} with ao ^ &o- The 
utility of restricting attention to the real tangential basepoints lies in 
the fact that they admit an action of SL{2, Z/2Z), as will be discussed 
in ^ Using this action, G-^ will be endowed with a group structure 
in ^ by means of which it can be identified with PSL{2, Z). 

1.2. The universal prounipotent bundle with connection on 
P^\{0, 1, oo}. For definitions and properties of Chen iterated integrals, 
the reader is referred to [Haij or [JoylO] , and for general facts related to 
bundles with connections on curves (and parallel transport), to |Del70] 
or I Joy 08 1 ■ Throughout, let X again denote some smooth curve over 
C with X = X \ S for some finite set S. We begin by clarifying some 
terminology and stating certain facts without proof. 

Definition 1.3. A bundle with connection (£, V) on X is called unipo- 
tent whenever there exists a filtration by subbundles 

£ = £o D £i . . . D £ra D £n+l = 

where each £j is stabilized by the connection 

V : £j -> fi^ ® £i 

and for each i, 

(£,/£,+i,V)^(05^,d) 

for some integer r^. 

Denote the category of unipotent bundles with connection over X by 
Un(X). 

The idea here is that unipotent connections are built up by extensions 
of successive connections, starting with the trivial connection; where 
an extension of connections is a short exact sequence 

^ (£i, Vi) ^ (£2, V2) ^ (£3, V3) ^ 

with the restriction of V2 to £1 being Vi and the quotient connection 
Vs. 

A bundle with connection (£, V) on a manifold M is unipotent if and 
only if there exists a covering {Ua} of M and trivializations {6^(1), . . . , ea(k)} 
on Ua such that the connection matrices Aa are all strictly upper tri- 
angular. In the case of X as above, write {ki, . . . , Km} for a basis 
for H^{X,C) (comprising algebraic differential forms on X). In more 
precise terms we have the well-known 
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Proposition 1.4. //(£,V) is a unipotent connection on such an X, 
then 

m 

(£,V)^(0^,rf + ^iV,K,) 

i=l 

where the Ni are constant matrices which are strictly upper triangular. 
Refer to |Joy08| for the proof. 

Example 1.5. Let X = \ {0, 1, oo}; £ = 0^ and V = + A with 



A 




Then 



is fiat if and only if 

df = -Af 

-i.e. dfs = 0; df2 = fzjz^ and dfi = /2^- The solution to this system 
is given by 

/s = a; /2 = a / h b 



1-2 

f dz dz , f dz 

h = a + b — + c 

J 1- z z J z 

where a, b and c are some constants and the first integral in the ex- 
pression for fi is iterated in the sense of Chen (see |Hai] ) . Therefore, 
along any path 7, if 

(1 f f _dz_dz_ 

J7 z J-y 1 — z z 
1 

then P{'j)v is the value of a fiat section of £^(i) for any v = {a b G 
£^(0), determined along 7. 

It is evident from the proposition that this bundle with connection is 
unipotent, but this may also be shown by a direct calculation which is 
left to the reader. 

Over \ {0, 1, 00}, the unipotent bundles of the form typified by the 
above example are natural objects of study. The fundamental object 
we proceed to construct is a subbundle of the inverse limit of such 
bundles: 
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The construction is given in the context of more general X , and we 
begin by forming an inverse hmit of unipotent bundles which satisfies 
a universal property with respect to the objects of Un(X). To this end, 
define C < Ai, . . . , > to be the free associative algebra of polyno- 
mials in the non-commuting variables Ai, . . . , Am, with augmentation 
ideal / := (^41, . . . , Am)- Then let 

i.e. the algebra comprising linear combinations of words in the Aj of 
length less than or equal to n. The inverse limit of the t/„ is the power 
series algebra in the non-commuting variables 

U := lim Un = C « Ai,. . . ,Am» . 

Now we set ILn :— Un <S> Ox and U := lim^Un. With the kj defined as 
above for j = 1, . . . ,m, and \w\ denoting the length of the word w in 
the Aj, a compatible family of connections on the ILn can be defined, 
giving rise to a connection on 11: Indeed, let 

\w\<n 

be arbitrary, and set 

TO 

Vn( /«;H) = XI ^/"'H -P'^n ^ U^K,i[wAi\ 

\w\<n \w\<n \w\<n i=l 

where pr„ is the projection to Un - i.e. the augmented words [wAj] 
having length greater than n are disregarded. Then is a connec- 
tion on Un, from the usual Leibnitz rule d{f f^) = {df)fw + fdfw on 
Ox- Moreover, for A; > 0, the (suitably interpreted) restriction of the 
connection on Un+k to Un evidently agrees with V„. These connections 
are all unipotent because each algebra Un is isomorphic to 0^ where 
kn is the number of words in the Aj of length less than or equal to n; 
and the connections are all of the form d + ^ MiKi where each Mj 
is strictly upper triangular by virtue of the lengthening of words by A^ 
in the formula. 

Hence (U, V) is the inverse limit of unipotent connections on X. It is 
universal in the following sense: 

Proposition 1.6. Let b & X and denote by (£, V) any fixed unipotent 
connection on X. Suppose that v e Then there exists a unique 
morphism 

0, :(U,V)^(£,V') 
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in the category of bundles with connection over X , such that 

(0^);,(1) = V. 

This proposition is the topological version of an analogous result proven 
by MiNHYONG Kim in |Kim09] , and the proof here is also due to him. 
Certain constructions in the proof will be useful in what follows, so we 
include it: 

Proof. Recall that (£,V') ^ {Ox,d— YlT=i-^i'^i) some positive 
integer r and suitable Ni. If < r < where there are fc„ words 
of length less than or equal to n, it suffices to define the mapping of U 
to £ via Un- Now given a word w = Ai^ . . . Aij^, let iV^, = Ni-^ . . . Ni^, 
and define 

\w\<n |u;|<n 

This gives a mapping of 11 to £ which is compatible with the connec- 
tions, as an easy calculation shows. (One sees that o V = V' o 0.) 

To show the uniqueness, it suffices to demonstrate that (f)^ is determined 
by {4'v)b{X) and the compatibility with V. 

Firstly we remark that the mapping on fibers above h induced by 0, 
namely 0;, : lib — ?■ £b, is compatible with the action of vri(X, h) via par- 
allel transport. The reason for this is that each bundle with connection 
determines a tti representation, so by compatibility with V, 06 is a map 
of TTi representations. Hence for any y G U;,, and any 7 G 7ri(X, 6), 

<Ph{i-y) = 7-0b(i/), 

where the latter denotes the parallel transport action of 7 on the ele- 
ment (phiy) of £&. 

It thus remains to show that C[7ri] ■ 1 = {\Ln)b where 1 G Tin - i.e. the 
action of the group algebra Cfvri] on 1 generates all of {\in)b- 

To demonstrate this, we give a concrete description of parallel transport 
in IX. This is achieved by means of a specific global fiat section: Let 

(5) G{z) ■.= Y, f ^^u,[w] 

for some fixed c G X, with = i^h ■ ■ ■ >^ik if "U^ = • • • and the 
integrals are iterated along a path from c to 2; which does not loop 
about any of the points of S. G is a sort of generating function of 
the homotopy functionals determined by the iterated integrals, and 
is usually referred to as a Chen series. It is also a fiat section of 
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the bundle It : Recall that if F{z) := PiP2---Pr, then dF{z) 
(3r ■ J Pi - ■ ■ Pr-1- Therefore 



m „2 
... Jc 



and consequently, 

(6) V{G) = 0. 

Now using the geometric description of parallel transport along a given 

path 7, consider the unique flat section s satisfying s{h) — 1. Taking 
c = 6 in the definition of G, this fiat section is the same as G, since if 
/ft e TTi (X, h) denotes the trivial path, 

/ Kw[w\ — ^^Ofw] = the empty word = 1. 
But G is defined along the lift of any 7 e 7ri(X, b), so for such a path, 

^(7)(1) = E / '^-H =:7-l, 

giving the parallel transport along 7 of the element 1 G ILb- This action 
extends to an action of the group algebra C[7ri] in a natural way: For 
7 = Ci7i, take 

The mapping thereby induced, of C[7ri] into {\in)h via 7 i—)- 7 • 1 is a 
surjection. Were this not the case, then C[7ri] would map into a linear 
subspace, for which Cw J^Ky, — for all 7 e C[7ri]. 

To conclude the proof, it thus suffices to show that the iterated integrals 
J Kyj are linearly independent as functions on C[7ri]. 

Consider a dual basis for Hi{X, C) to the kj, say {[/xi], . . . , [/im]} and 
lift these to representatives fij G C[7ri]. (Recall that 

C[7ri] ^ C[7ri/[7ri,7ri]] ^ H,{X,C). ) 

The linear independence may now be shown by induction on word 
length: Certainly it is true for the empty word, so assume that it is 
known to be true for all words of length less than or equal to some k. 
If, however, 

(7) ^ Kyj^O 

\w\<k+l 
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holds for all 7 G C[7ri], then we can rewrite this equation using any 
fixed follows: 



i \w\<k "^'"JT 



^^^^ 

i \w\<k 



1 I^AiW + 




'1 





j |«;|</c "^'1' i |u.|=fc "^"^ \w\<k 

5^ c / by ©. 



u;|=fc ^ \uj\<k 

By the induction hypothesis, the cajw are all zero, and this holds for 
all j. Hence, again by the induction, all of the other coefficients of the 
expression in ([7]) are zero too. □ 



Next we recall some algebraic constructions which provide motivation 
for the definition of a fundamental object of study in this paper. If H 
is a discrete group and Q a ring, denote the group ring by Q[H] and 
the augmentation ideal by J. The latter is the kernel of the mapping 
e : Q[H] ^ Q defined by 

e : X c/,/i H-^ X Ch. 

h&H h£H 

The prounipotent completion of H over Q consists of the group-like 
elements of the J-adic completion of the group ring Q[H] which are 
congruent to 1 modulo J. Here the coproduct is defined on the com- 
pletion by extending the coproduct under which the elements h of H 
have Ah = h® h. It is possible to show that the group-like elements 
coincide with the (formal) exponentials of the elements of the comple- 
tion of the free Lie algebra over the generators of H with Q coefficients 
- the so-called Lie exponentials, cf. |Reu93j . 

Bearing this in mind, notice that each ring may be endowed with a 
coproduct by C-linearly extending the coproduct under which the Aj 
are primitive (i.e. AAj = Aj ® 1 + 1 ® Aj). This induces a coproduct 
® on the inverse limit of the f/„. As above, the group-like elements of 
U are those formal power series F{Ai, . . . , Am) for which AF = F^F. 
The group-like elements which are congruent to 1 modulo / form the 
group of Lie exponentials. 
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Define Ch{U) to be the space of sections of U whicli like tlie Chen 
series have local expressions of the form of 

Till, n 

w w j=l 

at z E X, where the aj are elements of C, •yj G 7ri(X, c, 2;) are (ho- 
motopy classes of) paths in X between the points c and z in X, and 
the fj' are monomial expressions in the kj so that the integrals are 
understood to be iterated over these expressions. By Chen's tti DeR- 
HAM Theorem (see [Haij ) . Ch{lL) is obtained by replacing Ox in the 
construction of XL with the space of homotopy functionals on X with 
respect to some fixed basepoint c E X. Then Ch{Vi) may also be en- 
dowed with a coproduct, inherited from the comultiplication formula 
for iterated integrals (ibid.) while extending the coproduct on U. It is 
possible to show that G{z) G T{Vz,Ch(U)) is group-like with respect 
to this comultiplication. 

By concatenation of paths, Ch(lL)z is equipped with a right action of 
the prounipotent completion 7r""(X, z) of 7ii{X,z) (i.e. the group-like 
elements of the inverse limit over the quotients 

c[mx,z)]/j:^ 

where J^-j denotes the augmentation ideal). Ch{ll) also comes with a 
left action of tt^^{X, c), and similar to the version of parallel transport 
presented in the proof of the theorem, the prounipotent completion of 
7ri(X, z, y) acts on Ch{Xi)z on the right, sending it onto Ch{Vi)y. 

These actions respect the space 7 of group-like sections of Ch(U), and 
are faithful transitive actions. Most notably, CP is a right 7i^^{X,c)- 
torsor over X, which in line with the analogous notions in |Kim09j we 
refer to henceforth as the canonical torsor. Notice that the connection 
on U restricts to CP. 

In the particular case of interest, taking X = \ {0, 1, 00}, the equa- 
tion (jnD satisfied by flat sections is known as the formal Knizhnik- 
Zamolodchikov equation priQlj . exphcitly (with Ai = Xq, A2 = Xi 
and m = 2), 

d - ^Xo - G{z) = 0. 

z 1 — z \ 

Then in the construction of a solution by ([5]), take b = ot and let 7 
denote the path from ot to any z in X (other than points of the real 
axis greater than 1 or less than 0), which does not cross the real axis 
unless z G (0, 1), in which case the path lies along the real axis. Then 
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the corresponding flat section of ([5]) is known as tlie polylogaritfim 
generating function Li{z, Xq, Xi). Moreover, tlie suitably regularized 
parallel transport action P((0, 1)) ■ 1 gives the Drinfel'd associator 
$i^2(Xo,Xi) (cf. |Car01] for the regularization). Both Li{z, Xq, Xi) 
and ^Kz{Xo, Xi) are known to be group-like (ibid.). 

Writing ft^o = ~ and Ki = in notation of the proof of the Theorem, 



U{z,Xo,Xi) = ^ / Ki,[w\ 

w -^7 



where the [w] run over all words in the non-commuting formal variables 
Xq and Xi. When of the form of 

dz / dz\^^'^ dz f dz\''^~^ dz f dz\^''~^ 



1 — z \ z J 1 — z \ z J 1 — z \ z J 

then 



Kill 



E 



ki k ' 

I 0<mi<...<mr ^ 

the multiple polylogarithm function, |Car01] . 

It is not hard (see |MPvdHOO] or |Car01] )to establish the asymptotics 
(8) Li{e) = exp(Xolog£) + O(v^) 

as e -> 0+ with £ G M. Effectively, 

lim exp(— Xo log z)Li(z, Xo, Xi) = lim Li(z, Xq, Xi) exp(— Xq log^) = 1 

entails regularization of Li(2;,Xo,Xi) at 2; = 0, and characterizes this 
series among solutions to (jH]). 

At the same time, as in |Car01j . one can show that $xz(-^0)-^i) 
mits of concrete description in terms of regularizations of polylogarithm 
generating series, by means of which it is possible to show 

lim Li(z, Xo, Xi) exp(Xi log(l - z)) = ^kz{X^. X^). 

1.3. The Deligne canonical extension and the canonical base- 
point. In |Del70j . Deligne gave a canonical means of extending a 
given bundle £' with flat connection V' defined over the punctured 
disc Z)', to a holomorphic bundle (say £) with connection (say V) over 
the disc D. (£,V) is characterised as being the unique extension of 
(£', V) for which the connection has a regular singular point at the 
origin with nilpotent residue. Again we are following Main's presen- 
tation in |Hai03] to introduce the notion only in the setting in which 
it is required here. (For greater generality cf. |Del70] .) 
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Let {(f)i{z), . . . , (/)m{z)} denote an ordered basis of flat local sections of 
£' near some point of D'. Around the origin, such sections are typically 
multi- valued, and the trick is to destroy the monodromy. This is done 
as follows: Let T denote the monodromy operator about the origin, 
and set 

Then for j = 1, . . . , m define 

ipj{z) := z-^(f)j{z). 

The monodromy of z~^ — exp{—N\ogz) about is exp(— A'"27ri) = 
whereas (t)j{z) continued analytically about is T(l)j{z), so one 
sees that ilJj{z) is single- valued on D for every j. The ipj{z) give a 
framing for the Deligne canonical extension of £ to D, and 

V :^d-N—. 

z 

If X is some RiEMANN surface with compactification X such that S = 
X \ X is finite, the local construction of the canonical extension may 
be given at each of the points of S and then glued to yield an extension 
of a given fiat bundle over X to a holomorphic bundle over X, in a 
canonical way. As before, the extension is referred to as the Deligne 
canonical extension. 

The following construction is also due to DELIGNE: With X and X as 
above, the fibre functor from Un(X) into Vect(X) given by associating 
to any object of Un(X) the global sections of the Deligne canonical 
extension to X is referred to as the canonical basepoint. The reason for 
this terminology is that in the pattern of Grothendieck's arithmetic 
fundamental groups, one can define the unipotent completion 7r"'^(X, C) 
of the fundamental group at the canonical basepoint as the group of 
tensor-compatible automorphisms of C. 

1.4. Quasi-triangular quasi-HoPF algebras. An algebra A over a 
commutative ring k is called quasi-triangular quasi- Hope (henceforth 
qtqH) if it is equipped with a counit e and comultiplication A with 

respect to which both cocommutativity and coassociativity fail in a 
controlled way. More precisely, a qtqH algebra is a fc-algebra A such 
that the category Rep74 of representations of ^4 is a braided monoidal 
(otherwise called quasi-tensored) category, where the natural isomor- 
phisms governing the failure of commutativity and associativity of the 
quasi-tensor product functor correspond to distinguished elements R 
oi A ® A and ^ oi A ^ A ^ A respectively. Any such R is known as 
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an i?-matrix and furnishes a solution to the Yang-Baxter equation, 
while $ is referred to as the Drinfel'd associator and is unique up to 
certain gauge transformations. See |Dri91j for the details. 

Strictly speaking, one refers to {A, e, A, $, R) as the qtqH algebra, but 
often (as above) we abuse this usage and refer to A as the qtqH algebra. 

For later use, we record the hexagonal relations which dictate how given 
R and $ interact: Write R = 1 (g) R. Then ii Z e A (g) A (g) A is oi the 
form of ^ x} ®xf <gixf, for any permutation 6 of the indices 1,2, and 3, 

we write to denote Yl^i ® a^i ® ''^^ Then one 

has 

(9) (A ® td)R = $312i^213(^132)~l^^ 

and 

(10) {id ® A)R = ($231)-li?213^213^312^-l^ 

The corresponding equalities of natural transformations of the quasi- 
tensor give the so-called braiding in RepA. 



2. The reduced action on sections of U 



1. The group of Deck transformations of the covering of \ {0, 1, oo} 
by the upper half plane is known to be given by the congruence 
subgroup 



r(2)/{±/} := {r ^ G PSL{2,Z) 



CT + d 
--< r T + 2,T 



a b 




' 1 


" 


c d 







1 



modulo 2} 



r 



> 



1 - 2r 

(See |Cha80] for example.) As the kernel of the surjection PSL{2, Z) — > 
SL{2,Z/2Z), r(2)/{±/} is a normal subgroup and we have the short 
exact sequence 

(11) 1 ^ r(2)/{±/} ^ PSL{2, Z) ^ SL{2, Z/2Z) ^ 1. 

Since "K is the universal covering space of \ {0, 1, oo}, in fact 

r(2)/{±/}~7ri(pi\{0,l,oo},x), 

the topological fundamental group of P^ \ {0, 1, oo} at any chosen base- 
point X G P^ \ {0, 1, oo}. As mentioned before, it is known (cf. |Hai03] ) 
that 

7ri(P^ \ {0, 1, oo}, x) ~ 7ri(P^ \ {0, 1, oo}, ^) 
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for any real tangential basepoint a^. Thus, ( ITTj) becomes 

(12) 1 ^ 7ri(pi \ {0, 1, oo}, ot) ^ P5L(2, Z) 4 5L(2, Z/2Z) -» 1 

which has an important role to play below. 
2. Again from |Cha80] . the function 

^^^^ ^ {En.zexp[z7rr(n + l/2)^]r 
{Enezexp[i7rrr22]}4 

is known to effect the covering — )■ \ {0,1, oo}. For this to be 
the case, A(r) is necessarily modular with respect to r(2). At the same 
time, A(r) exhibits certain symmetries under the action of the respec- 
tive cosets of r(2)/{±/} in PSL{2, Z) - that is to say, under an action 
of S'L(2,Z/2Z). As is described in |Cha80] . these symmetries are cap- 
tured by the classical anharmonic group A, to which S'L(2,Z/2Z) is 
thus isomorphic. A is given explicitly as the following group of linear 
fractional automorphisms of \ {0, 1, oo}: 

A=<Ah-).A, AH>l-A,At-)- , , , A I-;- ^, A t-)- , ^ , A i-)- 



A-1' A' A ' 1-A 

It is evident from the topology that A is exactly the group of all such 
linear fractional automorphisms of P^ \ {0, 1, oo}. 

Note that these transformations necessarily permute the real tangential 
basepoints, as is also immediate from the above explicit description. In 
fact, the elements of A are characterized by the corresponding permu- 
tations of the symbols 0, 1 and oo: We have 

Lemma 2.1. 

A ^^3 

Proof. The proof is elementary, for example identifying (A i— )■ 1 — A) 
with the transposition (01), and (A t-)- with (loo). □ 

Once and for all fix isomorphisms 

(13) SL{2, Z/2Z) ~ A ~ ^3 ~< a, p|a^ = f = l; = WP> 
by identifying the respective generators 



1 
. 1 
and 

" 1 1 
1 



^ (A 1 - A) ^ (01) ^ a 



o (A i-> t-~t) ^ (^°°) ^ P- 
A — 1 
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3. The A action on \ {0, 1, oo} by linear fractional transformations 
lifts to the (global) sections of C)pi\{o,i,oo} in the obvious way. This 
produces an action on sections of IX once a suitable action of A on 
the formal variables Xq and Xi is defined. The latter was determined 
by Okuda and Ueno in |OU05j . in which formal algebraic arguments 
and the theory of differential equations was used to compute the A 
action on the fundamental solutions to the KZ equation with specific 
asymptotics at 0, 1 and oo respectively, generalizing a calculation of 
Drinfel'd. The action on Xq and Xi arises from a simple substitution 
action on the KZ equation: 



Example 2.2. Consider the element a 
substitution in the KZ equation yields 



z H- 1 — 2; of A. Making this 



z,Xo, Xi) 



+ ^)G(1 

z z 



Xq, Xi] 



- I.e. 



(14) 



—G{z, Xq, Xi) 
az 



+ 



-Xn 



G{z, Xq, Xi). 



This equation is identical to the original KZ equation but for the in- 
terchanging of Xq ^ — Xi. Therefore we define the action of a on the 
pair (Xq, Xi) of formal non-commuting variables introduced in §1.2[ as 
the involution (Xo,Xi) 1— )■ (— Xi, — Xq). 



This example may be imitated for each element of A, and as in |OU05] 
it is convenient to summarize all transformations of (Xo,Xi) which 
arise in this way. The associated linear fractional transformations of 
\ {0, 1, 00} are also tabulated: 

Elt. of ^L(2,Z/2Z) Lin.frac.tr. Action on (Xq, Xi) 



1 
a 
P 

p oa 

]) oa oj) = a o]) oa 
Now one can state the 



z z 
2; i-> 1 

Z 1-^ 



Z 

z i-> 
z i-> 



z-1 

1 

1- 2 

2- 1 



(Xo,Xi)^(Xo,Xi) 

(Xo,Xi)h^(-Xi,-Xo) 

(Xo,Xi)^(Xo,Xo-Xi) 

(Xo,Xi)^(Xi-Xo,-Xo) 

(Xo,Xi)^(-Xi,Xo-Xi) 

(Xo,Xi) ^ (Xi-Xo,Xi) 



Definition 2.3. For every v G 5*1/(2, Z/2Z) and every global section 
L{z, Xq, Xi) of U, set 

L^(2,Xo,Xi) := L{v{z),v-'Xq,v-'X,) 

and refer to this as the SL{2, Z/2Z)-action on global sections of U. 
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Example 2.4. We compute Li"'{z, Xq, Xi) : By construction, 

Lr(^,aXo,aXi) = Li(l -^,Xo,Xi) 

is a fundamental solution to ( IT^ . Formally, Li{z, —Xi, —Xq) is also. 
Recall from gL2]that 

Li(z,Xo,Xi)exp(-Xolog2;) 1 

as z — )■ 0. Hence 

(15) Li(2,-Xi,-Xo)exp(Xilogz) ^ 1 

as z — )■ 0. Now recall 

limLi(2,Xo,Xi)exp(Xilog(l = $kz(Xo,Xi), 

or equivalently, 

limLi(l-2;,Xo,Xi)exp(Xi log 2;) = <I>a-z(^o,^i)- 

But then ^xzi^O: -^i)Li(^5 ~-^o) and Li(l — z, Xq, Xi) share the 
same asymptotics near zero and both are solutions to the KZ equation. 
By uniqueness of such solutions, then 

Li^(z, Xo, Xi) = Li(l - z, -Xi, -Xo) = $ A'z(-Xi, -Xo)Li(z, Xq, Xi) 

We remark that by the symmetry in the above computation, it is evi- 
dent that ^Kz{Xo, Xi)~^ = ^Kz{—Xi, — Xo), a fact which will be used 
often in what follows. 

With the notation of 12.31 the computations of |OU05j . (which run in 
the same vein as 12.41) . may be summarized by 

Proposition 2.5. 

Li^(z,Xo,Xi) = $;,z(-Xi,-Xo)Li(^,Xo,XO 

Li^(z,Xo,Xi) = exp(TXoZ7r)Li(^,Xo,Xi) 
Li^°^(z,Xo,Xi) = exp(±Xi27r)<l>;,z(-Xi,-Xo)Li(^,Xo,Xi) 
Li^°^(z, Xo, Xi) = <!>Kz{Xi - Xo, -Xo) exp(TXo27r)Li(^, Xo, X,) 
and 

UP°^°P{z,Xo,Xi) 

= exp(±(Xo - Xi)iTT)(^Kz{Xi - Xo, -Xo) exp(^Xoi7r)Li(z, Xo, Xi) 
= Li^°^°^(^,Xo,Xi) 

= <l>Kz(Xi -Xo,Xi)exp(±XiZ7r)<l>;,z(-Xi,-Xo)Li(z,Xo,Xi) 

where the ambiguity in sign is according to z being in the upper or lower 
half plane respectively. 
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The ambiguity in sign will be resolved in lifting the action to PSL{2, Z). 

We remark that the equality 11''°''°^ = 11^°''°'^ follows from the well- 
definedness of the A action and is a means of using the braid relation 
poaop = aopoato establish the (highly non-trivial) hexagonal 
relations of Drinfel'd, to wit 

<^Kz{Xi - Xo, Xi) exp(±Xim)$;,z(-Xi, -Xo) 
= exp(±(Xo - Xi)i7c)<l>Kz{Xi - Xq, -Xq) expi^Xoin). 

4. As a first approximation to defining an action of PSL{2, Z) on global 
sections of J", pull back to the upper half plane via A(r): Given a global 
section L{z, Xq, Xi) of CP, for every t E J-C write (A*L)(r, Xq, Xi) for 
L(A(r), Xo, Xi)then make the 

Definition 2.6. If L{z, Xq, Xi) is a global section of IX, r G ^K, and v 
is any element of PSL{2, Z) reducing to Av in SL{2, Z/2Z), set 

(A*L)"(r,Xo,Xi) := {X*L){v{t),Av-'Xo,Av-'X,) 

and refer to this as the PSL{2, Z)-action on lifted global sections of U. 

Example 2.7. Let a G PSL{2, Z) denote the transformation of "K send- 
ing r to — 1/t. As is shown in |Cha80] . 

A(a(r)) :=A(-i) =1-A(r). 

Hence 

(A*Lir(r,Xo,Xi) = Li(A(^-^^,-Xi,-Xo) 

= Li(aA(r),a"^Xo,a-^Xi) 

= $;,z(-Xi,-Xo)(A*Li)(r,Xo,Xi) by E.g. [H 

We would like to interpret the action of a on X*Li as some kind of 
modularity statement for the polylogarithm generating series where the 
Drinfel'd associator plays the role of automorphy factor. But more 
work must be done to achieve this since the action of l2.6l factors through 
the SL{2, Z/2Z) action: Indeed, as is obvious from the geometric setup, 
by using the projection A : PSL{2, Z) — t- SL{2, Z/2Z) one finds 

Proposition 2.8. For any v G PSL(2,Z), 

(A*L)-(r,Xo,Xi) = L^(-)(A(r),Xo,XO. 

Proof. Recall the classical fact 

X{v{T))=A{v){X{r)) 



QUASI-MODULARITY 



21 



for every v G PSL{2, Z), proven in |Cha80] . The assertion now follows 
from the definitions 12.31 and 12.61 □ 

3. The path space realization of PSL{2, Z) 

Given a real tangential basepoint o^, the group structure on PSL{2, Z) 
may be realized on the set G-^ (in the notation of ll.ip . This idea sup- 
plies topological tools with which modularity questions can be investi- 
gated. 

Consider the case of 3 = ot. Then let s denote the homotopy class of 
paths in \ {0, 1, oo} represented by the tangential path [0, 1] and let 
r be the homotopy class of paths represented by the loop from ot to 
Ooo in the upper half plane, as pictured below. 



s 



oo 



oo 1 




The use of tangential basepoints prevents homotopies which would oth- 
erwise occur - in particular, the homotopy classes can detect an upper 
half plane owing to the rigidity of the real line with respect to a choice 
of a pair of real tangential basepoints. In this way, one sees that r is 
well-defined as a homotopy class of paths which differs from the class 
of a similar loop in the lower half plane. 

The group structure on G-^ is facilitated by the distinct presentations 
of SL{2, Z/2Z) coming from ( IT3l) : Firstly we define the surjection [ ■ ]ab 
of G-^ onto SL{2, Z/2Z) S3 by sending a given homotopy class t in 

G-^ with endpoint atbt, to the permutation [t]ab of {0, 1, 00} sending a 
to at and 6 to 6f Next, we exploit the fact that the fractional linear au- 
tomorphisms A are also isomorphic to SL{2, Z/2Z) to define an action 
of this group on G-^ : Any a G A is a self-mapping of \ {0, 1, 00} and 
as such sends any homotopy class u of paths between real tangential 
basepoints, to some other such homotopy class of paths. We denote 
the latter hj a * u. 

Sythesizing these definitions, we have a map of G-^ x G-^ into G-^ given 
by 

it,u) ^ [t]ab * U. 
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Choosing instead to work with the inverse of the permutation \t\ab gives 
an equivalent picture, which will later be seen to appear more natural, 
but only because we are not composing paths in the functional order. 

Remark 3.1. When we write [ • ] for [ ■ ]oi- Then notice that, 

viewed as linear fractional transformations of \ {0, 1, oo}, 

[r] : z ^ 



z-l 
while 

[s] : z 'r^ 1 — z. 



Furthermore, for any t G with endpoint flifei, one checks by direct 
compiitation that [t] * r may be represented by a loop in the upper or 
lower half plane (according to the corresponding permutation \t] being 

even or odd respectively), beginning at aibi and ending at oiCi where 
Ci 7^ 6i, while \t] * s may be represented by a straight line segment 

beginning at aih\ and ending at Ci6i. 

Using this action, we define a concatenation procedure for homotopy 
classes of paths in G^ according to the following inductive prescrip- 
tion: If 77 is a homotopy class of paths formed from the concatenation 
procedure applied successively to classes in {r, s}, and v is either r or 
s, let riv be the homotopy class of rj followed by [rj] * v. Since [77] sends 
to a homotopy class of paths originating at the endpoint of the paths 
in 77, it follows that r^v e G^. 

The construction may be repeated for any choice of real tangential 
basepoint a^. In cases other than = 01 write Vah and Sah for the 
corresponding generators. To be precise. Tab is a loop based at of 
the form of r as above, which is in the upper half plane for = 00^ 
and = loo but in the lower half plane when is 1^, Ooo, or ooi; 
while Sah is a straight line segment from ah to ha. 
Throughout write ■ for concatenation of (homotopy classes of) paths. 
Definition 3.2. The mapping 

with 

Sah{r\, ^) = riid := 7] ■ {['n]ab * ^) 
for any 77, e G^, will be referred to as SL{2, Z/2Z) concatenation of 
tangential paths in G-^. 

Associativity of successive application of Sab boils down to the 
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Lemma 3.3. For any r7,/i e G^, 

[r]n\ = [t]] o [^] 

Proof. To determine [rjfj] = [rj ■ [q] * fj] it suffices to find the endpoint 
of rj ■ [rj]* /i. 



Denote tlie endpoint of rj by ri(a)ri(b), so tliat ri(a) and 77(6) are tlie 
values of a and b respectively under the permutation associated to 
7] by means of which [77] is defined. Define /i(a) and fi{b) similarly. 



Then the path [rj] * fi sends the basepoint r][a)ri{b) to the image under 



the transformation [rj\ of /i(a)/i(6) - i.e. the endpoint of 77 ■ [//] * z/ is 



T]{^i{a))r]{^i{b)). 

This determines a permutation of {0,1, cxd} giving rise to a transfor- 
mation of \ {0, 1, 00} which is nothing other than [/i] followed by [r/], 
that is to say [rj\ o [yu]. □ 

Indeed, we can now prove 

Lemma 3.4. For any ri,fi and v in G-^, 

Proof. 

Sabiv, Sabif^, v))=ri- {[rj] * (/i ■ ([^] * v))) 

= ^-(M*^)-(W*(N*'^)) 
= V ■ (M */^) ■ ((W o N) * ^) 

= rj ■ {\rj\ * ii) ■ {[rjjj] * v) by Lemma 13.31 
= Sab{Sab{ri,lj),'^) 

□ 

Because of the associativity, for any n > 1, the 5*^(2, Z/2Z) concate- 
nation vi . . .Vn of elements Vj G {r, s} is uniquely determined. It is 
given by 

where ■ again denotes concatenation of (homotopy classes of) paths. 
Applying Lemma 13.31 iteratively, one sees that for any m < n, 

SO z/i . . . z/„ may be rewritten 

Ui ■ ([z/i] * Z/a) ■ (([z/i] O [1/2]) * 2/3) ■ ■ ■ ((['^l] O • • • O Wn-l]) * ^n)- 
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Theorem 3.5. For any real tangential basepoint at, G-^ may he en- 
dowed with a group structure with multiplication given by Sab- 
Proof. It suffices to consider the case of 3 = ot. 
Associativity of the muhiphcation was estabhshed in Lemma [3.41 

Begin by observing that the class e of the trivial path acts as the 
identity. Also, s is its own inverse, since [s] * s is the homotopy class 
of paths represented by the tangential path [1,0], which is inverse to 
[0, 1]. The inverse of r is the homotopy class q of paths represented by 
the loop from ot to Ooo in the lower half plane - one checks easily that 
rq = qr = e. We write q = r^^. A key fact is that [r] = [r~^], as one 
sees directly from the definition of [ ■ ]. 

Now for arbitrary uj G {r,s}, the product z/i . . . z/^ has as inverse 
. . . i/f ^ : Suppose that it is known that Ui . . . i^k^^^ ■ ■ ■ = e, for 
all possible uj and k < N — 1. Then for arbitrary uj G {r,s} consider 

z/i . . . UnI^n^ ■ ■ ■ 

= ■ -(K] * ^2) ■ ((K] o N]) 

(([z/i] o . . . o [vm-i]) * Vn) ■ iiWi] o . . . o [un]) * y^^) ■ 

(([z/i] o . . . o [z/jv] o * u^\) ■ ■ ■ (([z/i] o . . . o [z/g-i] o [u:^^]) * u-^] 

From the definition of [ ■ ], one finds that 

(16) {[vi] 0...0 [un-i]) * vn) ■ ((K] o . . . o [vn-i]) o M * ^N^) = e. 

The fact that [r] and [s] are involutions implies that for any j, [uj] o 
[z/~^] = 1, the identity morphism on \ {0,1, oo}. When combined 
with (flGl). this shows that 



Z/i . . . UnI^n ■ ■ -1^1^ = l^l - ■ ■ l^N-ll^N-i ...l^i^ 

which is trivial by the inductive hypothesis. □ 
Theorem 3.6. With the group structure of Theorem \3.5l 

where <rab, Sab>= F2 denotes the free group on the two generators Tab 
and Sab- 

Proof. Any given homotopy class of paths in G-^ may be decomposed 
as a succession of loops of the form of Tab and straight lines of the form 
of Sab) so it is clear from Remark 13.11 that the elements of {rab^ Sab} 
generate the group G-^. 

It again suffices to consider only the case S = ot. 
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Write ~< r,s > //qi for some family of relations Iqi- 

From the definitions one sees that as homotopy classes of paths in \ 
{0, 1, oo}, is the trivial class, as are srsrsr, sr~^sr~^sr~^, rsrsrs and 
r~^sr~^sr~^s. Observe that the last four relations may be summarised 
by (sr)^ = 1 since = 1. Thus we know that (s^, (sr)^) C /qi so it 
remains to establish the reverse inclusion. 

surjects onto SL{2, Z/2Z), which as in f|T3l) is isomorphic to 

< p, W\p'^ = = 1, pop = Wpa >, 

by sending r to p and s to a. Since the kernel is exactly 7ri(P^ \ 
{0, 1, oo}, ot), which embeds into G^ as < r^,sr^s >, we have the 
short exact sequence 

1 — )■< r^, sr'^s >— )■< r, s > //qi — )■< 'p,o' > / a pa pap) — > 1. 

Then Jqi is contained in the lift Jqi of (p^, a^, a pa pap) to G^, which 

coincides with 7ri(P-'^ \ {0, 1, oo},ot) as embedded into G^. 

Now the lift of an element fli. . .fl^ of SL(2,Z/2Z) (with flj G {p, o"} 
for each j) to G^ is of the form of UiTTLi . . . UnfrinUn+i where the Uj G 

7ri(P^\{0, 1, oo}, ajbj) for suitable aj, bj G {0, 1, oo}, for j = 1, . . . , n+1 
and 

r ii-pj = p; 



s if fij 



a 



Since the fundamental group is free, it thus suffices to show that each 
element of Jqi given in the above notation by miU2 ■ ■ ■ Unfrin, may be 
expressed in terms of the generators and sr^s using only the known 
relations mentioned above, in order to conclude that no other relations 
exist in Jqi. 

Begin by considering the subgroup Bqi of Jqi generated by the eight 
elements sr^^ sr^'^ sr^'^ where for j = 1, 2, 3, 6j is either 1 or —1. Of these 
generators, we have seen that srsrsr and sr~^sr~^sr~^ are trivial. For 
the rest, recall the relations srsrsr = 1 and sr~^sr~^sr~^ = 1, from 
which we know that srs ~ r~^sr~^ and sr~^s ~ rsr, and compute: 

srsr^^sr^^ = srs{srs) = sr'^s 

srsr~^sr = sr{rsr)r = sr'^sr'^ 

srsrsr~^ = (r^^ sr^^)rsr^^ = 

sr~^srsr = sr~^s{sr^'^s) = sr~'^s 

sr~^sr^^sr = s{srs)sr = 

sr~^ srsr~^ = sr~^(r~^sr~^)r~^ = sr~'^sr~'^. 



26 



SHELDON JOYNER 



Since the known relations are the only ones needed to rewrite the 
generators of i?oi in terms of those of Jqi, necessarily the only re- 
lations among generators of ^oi follow from = 1 and (sr)^ = 1. 
This can also be verified directly: For example, that the inverse of 
srsrsr~^ = is sr~^sr^^sr = follows from the known relation 
sr~^sr~^sr~^ = 1, (which implies both sr~^sr~^ = rs and r~^sr~^s — 
sr) since 

Similar calculations may be performed with respect to any other pair 
of generators of Sqi, and are left to the reader. 

Notice that since sr'^sr^^sr — and srsr'~^sr~^ — sr^s, Bqi is in 
fact isomorphic to Jqi ~ 7ri(P^ \ {0, 1, oo},ot). 

Now consider a lift rtir of to Gqi, where ti is a closed loop based at 
Ooo. If ti — r^"i2 (case 1) where t2 is another such loop based at Ooo, 
then 

rtir = r'^'\rt2r) 

where t2 is a word in the symbols Xq := and Xi := sr'^s of length 
strictly less than that of ti. 

If ti — sr'^s-t2 (case 2) where t2 is another element of 7ri(P^\{0, 1, oo}, Ooo), 
then 

rtiT = {rsr)rst2r — sr''^srst2r. 

If t2 = 1, (subcase 2.i) then rtir = sr~^srsr = sr~'^s as computed 
above. Otherwise, the loop t2 is either of the form of r^ts (subcase 2.ii) 
or sr^sts (subcase 2.iii) for suitable t^. In subcase 2.ii, 

rtir = [sr^^ sr sr)rt-^r = {sr^'^ s)rt^r 

where we use the expression for sr^^srsr computed above. Here, t^ 
is a word in xq and xi again of length strictly less than that of ti, so 
repeating the argument for rt^r leads to a similar shorter word t^ or to 
the subcase 2.iii. 

In subcase 2.iii: 

rtir = sr~^srssr'^st^r — sr^^{srs)sr'^st^,r 

— sr~^ {r^^ sr^^) sr"^ st^r = {sr~'^s){r~^s)rssrst3r 

— {sr~^s)srsrs{srs)srst3r = {sr~^s)srsrs{r~^sr~^)srst3r 

— {sr''^s){r'~'^)sr^^srst3r 

where the expression for the generator srsrsr~^ — of Bqi has been 
used, along with the known relations. In the final expression, s precedes 
as s precedes t2 in ti = sr'^st2- Again here, ^3 is a word in the xq 
and Xi which is shorter than ^2, which in turn is shorter than ti. 
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Since ti is a finite word, regardless of wliicli cases occur, tliis procedure 
terminates after finitely many steps with some word = 1, which is 
handled as before in subcase 2.i. In this way, rtir is expressed explicitly 
as some word t'l in the generators and sr'^s of the fundamental group. 
In particular, we have 

(17) rti = t[r-\ 

Now is it clear by an inductive argument that elements of Jqi of the 
form of ruiru2 ■ ■ ■ U2n-ir and r^^Uir^^U2 ■ ■ ■ M2n-i^ ""^ (with notation 
as above - i.e. the Uj are elements of suitable fundamental groups) 
may similarly be expressed in terms of elements sr^^s and r"^"^ of the 
fundamental group using only the relations = 1 and (sr)^ = 1. 

Next consider sus for any u G 7ri(P-'^\{0, 1, oo}, I^). By a simpler analy- 
sis to the above, (indeed, using only = 1), it is possible to determine 
the explicit u' G 7ri(P^ \ {0, 1, oo}, ot) in terms of the generators and 
sr^s for which sus = u', or stated otherwise, 

(18) su = us. 

It remains to verify the same for the words of the form of 

suir^^tiSU2r^^t2SUsr^'^t3 

where 6j is either 1 or —1 for j = 1,2,3 and the Uj and tj are elements 
of suitable fundamental groups. But it is clear that using (ITTl) and (fTSl) 
repeatedly one can write 

suir^^tiSU2r^^t2SU3r^'^t3 = vsr~^'^sr~^^sr~^^ 

where v is some (explicit) word in the r^^ and sr^^s, as is sr^^^sr^^^sr~^^. 

□ 

Lemma 3.7. Ifal)isa real tangential baspoint for which G-^ is en- 
dowed with the group structure of the Theorem \3.^ then 

7ri(pi\{0,l,oo},^) < G^. 

The proof is trivial, especially in light of the 
Proposition 3.8. 

PSL{2, Z) =< p, (T > /(a^, (p o af) 
where < p,cr >= F2, the free group on two generators. 

Proof. Using the Bruhat decomposition, one can write down genera- 
tors and relations for SL{2, M). See |Lan85] . for example. In PSL{2, Z) 
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(regarded as the group of linear fractional transformations of !K), these 
amount to generators 

p : r 1 + r 

and 

1 

0" : r I— > 

T 

with the relations cr^ = / and (a o p^^)^ = I. □ 

Corollary 3.9. For any real tangential basepoint o^, 

PSLi2,Z)^G^ 

Proof. Combine Proposition 13.81 with Theorem I3.5[ □ 



As a further instance of the welding of topological and algebraic per- 
spectives so ubiquitous in this subject, this isomorphism expresses a 
fundamental duality between homotopy classes of paths in P^\{0, 1, oo} 
and projective classes of matrices of SL{2,'Z). It is likely that defor- 
mations of matrices of SL{2,'R) can be made to correspond with de- 
formations of paths within the same homotopy class - i.e. it should 
be possible to endow S'L(2,]R) with a notion of homotopy equivalence 
corresponding to deformation of matrices. 

Notational remark 3.10. The multiplication in PSL{2,'Z) is written in 
the functional order, whereas concatenation of paths in G-^ occurs in 
the order in which the paths are written. 

Remark 3.11. Denote the isomorphism of Corollary 13.91 by 

^ab:G^^PSL{2,Z), 

writing \& := \E'oi in the special case of = ot. Concretely, we have 
the following correspondences: 



"^abirab) = (p : r H> r + 1) 

"^abisab) = (cr : r --) 

r 

^abirl) = {p':t^t + 2) 

T 

"^abiSabrlhSab) = {(7 O O a : T ^ — ) 

i — 2r 
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Recall that r(2)/{±/} =< ,a o o a >, and notice here that is 
represented by a loop about based at ot while sr^s is represented by a 
loop about 1 based at ot, which together generate 7ri(P^\{0, 1, cxd}, 01). 
In this way, we have expressed the isomorphism of the fundamental 
group with the congruence subgroup on the level of the generators. But 
the fundamental domain for \ {0, 1, oo} in % (see |Cha80j ) exhibits 
some symmetries with respect to the generators of PSL{2,7j) itself: a 
expresses the symmetry of \ {0, 1, oo} around the line Die (z) = |, 
which under the A(r) of ^ lifts to the portion of the unit circle in J-C 
and its translates under r(2)/{ibJ}. At the same time, p expresses 
the symmetry about the circle {1 + e*^|0 < 6 < 27r}, which again lifts 
under A(r) to a family of curves enclosing regions which together with 
their translates under p, tile CK. In both fundamental domain 

^ for the covering may be chosen so that the region C enclosed by a 
specific lift of the path of symmetry in P^ \ {0, 1, oo} has ^ = C Ua{C) 
for a = a, p, where the union is disjoint but for points of the lift of 
the path itself. On another level, observe that the lift of s under A 
gives a family of paths of which are exactly the geodesies mapped 
into themselves by the involution a, namely the imaginary axis and its 
translates under r(2). 

Theorem 3.12. For any given u G G^, '^ab{u) is a transformation of 

the upper half plane which sends the lift ofa^ under A(r) in some fixed 
fundamental domain for \ {0, 1, oo}, to some lift of the endpoint of 
u under A(r). 

Proof. Knowing the action of A on the boundary of a fundamental 
domain for P^ \ {0, 1, oo} in (see |Cha80] ) is enough to check this 
directly for the generators Tab and Sab of G^, as one may do with no 
difficulty. Having estabhshed the assertion for Tab and Sab for all real 
tangential basepoints suffices to prove the theorem for general m, 
because multiplication in G-^ is performed by means of concatenation of 
paths, each of which necessarily begins at the endpoint of the previous 
path, and the corresponding successive transformations in the upper 
half plane are all maps sending the lift of some ca to the lift of the 
endpoint of either Ted or Scd for some c, (ie{0,l,oo}. □ 

Corollary 3.13. For any real tangential hasepoint a^), 
[Kb\-)U ■■ PSL{2,Z) ^ 5L(2,Z/2Z) 
is the usual projection (i.e. A of H^) ). 
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Proof. This follows immediately from Theorem 13.121 Indeed, the map- 
ping associating to the transformation v G PSL{2, Z) the endpoint of 
"^abiv) G G-^ (which determines [^abi'^)]a.b), is determined by A(r), so 

goes according to 7ri(P^ \ {0, l,oo},a^) conjugacy classes. Now refer 
to f|T2|) to see that these conjugacy classes correspond exactly to the 
elements of SL{2, Z/2Z). □ 

The corollary is also evident from the short exact sequence appearing 
in the proof of Theorem 13. 6[ 

Notice that [ ■ ] does not play an explicit role in the description of 
multiplication in PSL(2, Z), which is the usual composition of MOBIUS 
transformations. 

Subsequently write A{v) = v for any v E PSL(2, Z). 

4. QUASI-MODULARITY AND THE LIFTED ACTION ON SECTIONS OF 

IX 

4.1. The PSL{2,Z) action. 

4.1.1. Actions on power series. Recall the action of SL{2, Z/2Z) on the 
formal variables Xq and Xi as given in the table in §2J This extends 
by linearity to polynomials in the Xj with complex coefficients, and 
thereby to the quotients 

C <Xo,Xi> 

(where / = {Xq, Xi) denotes the augmentation ideal), and hence to the 
inverse limit C «Xq, Xi». 

Likewise based on the action on the formal variables Xq and Xi of 
§21 a different action of 5^(2, Z/2Z) on formal power series in these 
variables emerges naturally in investigating the action on sections of IX 
of P lifted to PSL{2,Z). 

Definition 4.1. The action of a G S'L(2,Z/2Z) on a formal power 
series F(Xo,Xi) G C«Xo,Xi» is given by 

F{Xo,X^f := F{a-'Xo,a-'X,). 
Notice that then, for any ^ G SL{2, Z/2Z), 

F(Xo,Xir^ = F{T'Xo,T'x,f = F{T' oa-'Xo,T' oa-'X,). 

A given element a G PSL{2, Z) then acts on power series by reduction 
to SL{2, Z/2Z). In this case we replace a by a in the notation for the 
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above action -i.e. we set 

(19) F(Xo,Xir :=F(Xo,Xif. 

4.1.2. Action on sections ofU. Let Vc be some open neighbourhood of 
c e {0, 1, oo} in for which (Vc \ {c}) H {0, 1, oo} is empty. Then set 
Uc '■= Vc \ {c}. This is an open set of \ {0, 1, oo}. 

Suppose that La{z, Xq, Xi) is a section of (IX, V) defined over Ua - 
i.e. La{z, Xo, Xi) G T{Ua,U). As above, let v denote the image of 
V G PSL{2,Z) under the usual projection map to SL{2,'Z/2Z). Then 
by Definition 12. 3[ 

L^(z,Xo,Xi) = L,(iJz,Xo,Xi) 

gives the SL{2, Z/2Z) action on sections of XL. We lift this to an action 
of PSL{2, Z) by using the identification of the elements of PSL{2, Z) 
with those of G-^ (as in Corollary 13. 9p . as follows: 

Definition 4.2. Given v G PSL{2, Z), analytically continue La{z, Xq, Xi) 
along the u G G-^ corresponding to v, and in the expression which re- 
sults replace Xj by v~^Xj for j = 0, 1. This is an action of PSL{2, Z) 
for which the image of La{z,XQ,Xi) will be denoted by 

A priori, this action sends r(f/a,ll) into 

Toioo := UcG{o,i,oo}r(t4, "Lt)), 
but later we will see that the image is contained in T{Ua, IX) itself. 

4.2. Quasi-modularity. 

Definition 4.3. A local section L{z, Xq, Xi) G r{Ua,Vi) is quasi- 
modular with respect to the congruence subgroup F < PSL[2, Z) if 
for every v eT, 

(20) L^(z,Xo,Xi) = K,{Xo,X,)L{z,Xo,X,) 
for some formal power series Ky{XQ, Xi) such that 

K,{Xo,Xi) : r ^ C«Xo,Xi»^ 

is a 1-cocycle with respect to the action of SL{2,Z/2Z) on C « 
Xo,Xi »^ of Definition lO . Such a K,{Xo,Xi) will be referred 
to as a quasi- automorphy factor. 
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Now for any L{z,Xo,Xi) satisfying ( l20l) for some family K,{Xq,Xi) of 
power series, and for any v,v' in F, it is immediate that 

{LT'{z,Xo,X^) = K^{Xo,X^fr'{z,Xo,X^), 

so as usual the cocycle requirement ensures that 

{LY'{z,Xo,X,) = r'°^{z,Xo,X,) 

for any v, v' G F, giving a group action of F on some space of sections. 

4.2.1. Quasi-modularity of lA{z) . The aim of this subsection is to show 
that Li(z) is quasi-modular with respect to PSL{2, Z), and to compute 
the associated quasi-automorphy factor. 

Begin by setting 



u{Xo,Xi 



dz , dz 

— -^0 + z ^1 

z 1 — z 



and write 

w(Xo,Xi)° = uj{a-^Xo,a-^Xi 
The following result will prove to be essential: 

Lemma 4.4. For any a G PSL{2, Z), 

dz 



-(-) 



a 



1 - z 



Xi = u{aXQ,aXi). 



Proof. One checks this directly by an elementary computation for each 
a G 5'L(2,Z/2Z) ~ A. This verification is equivalent to the simple 
computation of the a action on (Xq, Xi) as given in §21 □ 

A related fact which explains the suitability of Definition 14.11 is the 
Lemma 4.5. For any a,/? G PSL{2,Z), 



a*oj{(3Xo,PX,) :-- 



/3Xi = uj{/3oaXo, (3oaX^] 



Proof. This follows from the previous lemma by using the linearity of 
^. □ 

Now let cD" denote the n-fold Chen iterated integral of the form u 
along a - i.e. an iterated integral in which u is repeated n times. Also 
write f a)° = 1. Then we have 
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Theorem 4.6. For any a G PSL{2,Z), 

Lr{z,Xo,Xi) = F,(Xo,Xi)Li(z,Xo,Xi) 
where Fa{Xo,Xi) is a formal power series given by the Chen series 



F,(Xo,Xi) := J] / co{Yo,Y^r 

n>0 



y.=a-iX,:j=0,l 



Implicitly here, PSL{2, Z) is identified with G^. Also, the notation in 
the definition of Fq,(Xo,Xi) is meant to suggest that the expressions 
a~^Xj for j = 0, 1 must be substituted after the integral has been 
computed. (This changes the power series obtained when one considers 
for example Fao^(Xo,Xi) for a,(3 E P5'L(2,Z).) 

Proof. When the Chen iterated integrals are suitably interpreted - 
regularizing ^ at z = and at 2; = 1 in the usual way (cf. [Joy 10] ) 
- for z ^ {—00, 0) U (1, 00) the polylogarithm generating function may 
be expressed as 

U{z,Xo,X,) = J2 L ^(^o,Xir 



where [ot, z] is a path from the tangential base point ot to z which 
does not cut the real axis, (unless z G (0,1), in which case the path 
lies along the real axis). 

Now consider \l/~^(a) G Gprt. Denote the endpoint thereof by cd, and a 

path from cd to az which does not cross the real axis by [ca, az\. Then 
composing paths in the order as written (i.e. not the functional order), 
the analytic continuation of Li(z,Xo,Xi) along \I'~^(a) is given by 



„>0 J-^-''»icd,a{z)] 



Consider a typical integral which appears here. Using the coproduct 
formula for iterated integrals (since u{Xo,Xi) is a 1-form), 

[ ^ oj{Xo,x,r 



J2 [ oo{Xo,X,)'- f co{Xo,X,r-' 

k=0 >^*"^" J[cd,az] 
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Now 



J[cd,az\ "'[01,2] 



\n—k 



a;(aXo,aXi)"-^ 



by the Lemma [4.4[ Hence Li"(z, Xo,Xi) is the same as 

n>0 k=0 •^'f"'" 



Yj=a-^Xj:j=0,l_ 



Yj=a-^Xj:j=0,l 

Li(z,Xo,Xi). 



□ 



Now we can prove the fundamental 
Corollary 4.7. 

UP{z,Xo,X,) = exp{mXo)U{z,Xo,X,) 
U'^{z,Xo,X,) = <l>Kz{Xo,X^rU{z,Xo,X^) 

Proof. Recall that \E'(r) = p and \E'(s) = a in the notation of ^ Also, 
p(Xo,Xi) = (Xo,Xo - Xi) while a(Xo,Xi) = (-Xi, -Xq). 

One computes 

since the integrals in which occur vanish along r. Thence 
F,(Xo,Xi) = f^ / f-Xo + -^(Xo-XOy 

oo 

= ^(Mo)" 

n=0 

= exprnXg. 

It is well-known that 

$xz(Xo, Xi) = f; / f-Xo + ^ , 

n=0 "^[0.1] V ^ ^ ~ ^ / 
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(see |Car01] for example), in which expression we understand the in- 
tegrals to be suitably regularized as before. From Theorem 14.61 the 
second assertion of the corollary follows. □ 

The power series which arise here do not look too different from those 
which result in the case of the SL{2, Z/2Z) action as in §2J Where a is 
concerned, the reason for this is that a has a unique lift to PSL{2, Z). 
On the other hand, unlike that of p the action of p is not involutive. 

F,{X(),Xi) is a quasi-automorphy factor: 

Theorem 4.8. F,{Xo,Xi) is a 1-cocycle for PSL{2,Z) in the multi- 
plicative group of formal power series in the non-commuting variables 
Xq and Xi equipped with the action o/ S'L(2, Z/2Z). Specifically, for 
anyv,v' e P5L(2,Z), 

(Xq, Xi)" F„/(Xo, Xi) — F„/ou(Xo, Xi). 

Proof. Consider such arbitrary v and v' G PSL{2, Z) and write u := 
"^abiv) and u' := '^abi'^')- Also, interpret as 1 so that 



Yj=v-'^ov'''^Xj:j=0,l 



Now recall from ^that uu' = u-[u]*u' , and use the coproduct formula 
for iterated integrals to compute 

n n 



[ (-Yo + -^yX = J2 [uiYo,Y^r [ coiYo,Y, 

J uu' \^ ^ ^ J J u J[u]*u' 

i^—n Ju Ju' 



n—k 



k=0 
k=0 

using Lemma [4.41 and Corollary 13.131 Hence 
F„,o„(Xo,Xi) = J2J2f ^(^o,n)' [ u(yYo,vY^r-'' 

'==0 " Y,=iv'ov)-^X,:j=0,l 

= F„(Xo,Xi)" F„/(Xo,Xi). 

□ 

Corollary 4.9. Li(2;, Xq, Xi) is quasi-modular with respect to PSL{2, Z) . 
Proof. This is immediate from Theorems 14.61 and 14. 8[ □ 
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4.3. Monodromy as modularity. By definition of the PSL{2, Z) ac- 
tion and the fact that vri(P^ \ {0, 1, oo}, ot) is contained in the kernel of 
[ • ], it is evident that the restriction of the PSL{2, Z) action on Li (2) to 

the subgroup r(2)/{±/} isomorphic to 7ri(P^\{0, 1, 00}, ot), is one and 
the same as the monodromy action. In other words, the monodromy 
of Li{z, Xq, Xi) is encoded in quasi-modularity statements. More pre- 
cisely, identifying any g G 7ri(P^ \ {0, 1, 00}, ot) with 7 G PSL{2, Z) as 
described in Remark [3.111 the monodromy of Li{z, Xq, Xi) about g is 
equal to LP{z,Xo,Xi). As a consequence of 14.61 and 14. 8[ determining 
the monodromy is now an easy calculation. For example, about the 
generators of the fundamental group, as first proven in |MPvdHOO] by 
means of direct methods, we have 

Proposition 4.10. The monodromy of Li{z, Xq, Xi) about the loop 
about iriF-^ \ {0, 1, 00} based at 01 is given by 

UP\z,Xo,Xi) = exp(2Mo)Li(;2,Xo,Xi), 

while that about the loop sr'^s about 1 in¥^ \ {0, 1, 00} is given by 

Li'^^''^(z,Xo,Xi) = <l>Kz{Xo,X,rexp{-2mX,)<t>Kz{Xo,X^)U{z,Xo,X,). 

Proof. Recall that the loop about in \ {0, 1, 00} based at ot 
corresponds to in PS'L(2,Z). Now 

Li"' {z, Xo, Xi) = Fp{Xo, Xi)"F,(Xo, X^)U{z, Xq, Xi) 
= exp(7riXo)"exp(7riXo)Li(z, Xq, Xi) 
= exp(27riXo)Li(2;, Xq, Xi) 

since p(Xo) = Xq. 

The loop about 1 in P^\{0, 1, 00} based at ot is sr'^s in former notation, 
corresponding to ap^a in PSL{2,Z). 

Li'^"''^(z,Xo,Xi) 

= F^(Xo, X^yp^FpiXo, X^y^F^iXo, X.yP^iXo, Xi)U{z, Xo, Xi) 
= $A'z(Xo, Xi) exp(-7r^Xi) exp(-7r^Xi)<l>xz(Xi, Xo)'^Li(z, Xq, Xi) 
from the definition of the respective actions of a and p on Xq, Xi. 

□ 

The method of proof gives a very fiexible means of determining the 
monodromy along any path. 
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4.4. The power series realization of P5'L(2,Z). 

Theorem 4.11. The mapping PSL{2,Z) -> C«Xo,Xi» given by 
a I— i- Fa{Xo, Xi) is injective. 

Proof. Suppose to the contrary that there exists some non-trivial a G 
PSL{2,Z) for which F„(Xo,Xi) = 1. Then also F„(aXo,aXi) = 1, 
since a is invertible. But then 



for each n > 1, since each such integral expression is homogeneous of 
degree n in the Xj. 

The coefficients of the monomials Xj^ . . . Xi^ here are all of the form of 



where Ki. is either := ^ or ki := Hence each such integral is 
zero. But then by Chen's tti De Rham Theorem (given for this case in 
[Hai] ) . necessarily (and hence a itself) is trivial - a contradiction. 



Let r denote an arbitrary fixed subgroup of PSL{2, Z) and define 



Lemma 4.12. The elements of 3^psl{2,z) 0,1^^ group-like. 

Proof. (^kz{.Xq, Xi) is group-like by construction, e^'^-^^ is group-like 
since Xq is primitive. In fact, replacing (Xq, Xi) in each of these formal 
series by any pair of primitive elements of C < Xq, Xi >, the resulting 
series are also group-like. Now the images of Xq and Xi under the 
action of the elements of 5^(2, Z/2Z) are all primitive. Consequently, 
each Fa(Xo,Xi) is a product of group-like elements, making it group- 
like too, since the Lie exponentials form a group. □ 

Endow with a multiplication ® coming from the SL(2, Z/2Z) action 
- i.e. set 



F^(Xo,Xi) ® F„(Xo,Xi) := F„(Xo, Xi)''F^(Xo, Xi) = F(,,^{Xo, X,). 



This is well-defined by 14.111 

Then from 14.111 and 14.81 one obtains 

Theorem 4.13. (J'r, ®) is a group which is isomorphic to (F, o). 




□ 



:= {F,(Xo,Xi) G C «Xo,Xi»|a G T}. 
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5. The PSL{2,Z) 1-cocycle on 7ri(pi \ {0, 1, oo}, C) 

MiNHYONG Kim suggested to the author a context in which the PSL{2, Z) 
1-cocycle studied above ought to be seen to arise naturally, namely 
as the PSL{2, Z) action on the (prounipotent) fundamental group of 
\ {0, 1, oo} at the canonical basepoint C (see §1.31 above) coming 
from the embedding of PSL{2,'Z) into PGL{2,C), the space of auto- 
morphisms of the space (i.e. P^) underlying the Deligne canonical 
extensions of the unipotent bundles on P^ \ {0, 1, oo}. Although this 
viewpoint has so far not yielded a new proof of the main result of the 
paper, endowing as it does the power series realization of PSL{2, Z) 
with geometric meaning, it is certainly a natural perspective. With this 
in mind, here an alternate approach to defining a PSL{2, Z) action on 
7ri(P^ \ {0,l,oo},C) is demonstrated, which comes directly from the 
previous sections. 

An arbitrary (V, V) G Ob(Un(P^ \ {0, 1, oo})) is isomorphic to 

(0^(0,1,00}, rf-iVof-iVi^) 

where r is some integer and Nq, Ni are nilpotent matrices (see Propo- 
sition II. 4p . By the nilpotence of the Nj, only finitely many of the 
expressions Nj-^ . . . Nj^ for ji G {0, 1} are non-zero. Thus, we can for- 
mally substitute No and A^i in an arbitrary local section La{z, Xq, Xi) 
of IX, say La{z, Xq, Xi) G T{Ua,'U-) as in 14.11 above, and obtain a lo- 
cal section of (V, V') in r{Ua,V) which comprises a finite number of 
terms and for which we write La{z, Nq, Ni). Then a PS'L(2,Z) action 
is induced on La{z, Nq, Ni) by that on La{z, Xq, Xi). We shall write 
L'^iz, No, Ni) for the action of a G PSL{2, Z) on La{z, Nq, Ni). 

Now choosing a lifting of all local flat sections of all unipotent (V, V) 
defined near tangential basepoint to the Deligne canonical exten- 
sion, say (V, V'), is in other language the same as picking a path from 

a^) to the canonical basepoint C, (see §1.31) . Fixing such a choice of 
path, the PSL{2, Z) action on sections of (V, V) as described above 
then lifts to an action on the global sections of (V, V). Explicitly, this 
is done as follows: 

Using the universal property of U as above, to give such a path it suffices 
to describe the lift of the polylogarithm generating series Li{z,XQ,Xi) 
as a section of U, to the canonical extension IX. Such a path is given 
by lifting Li{z, Xq, Xi) to the unique flat section with local description 
near G P^ given by 

z-^»Li(z,Xo,Xi) 
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(see §1.31 - this is the usual Deligne canonical extension near 0). A 
simple calculation using Proposition 14.101 confirms that this local sec- 
tion is single valued in some neighbourhood of 0. Once and for all fix 
this as the path from ot to C used in subsequent constructions. 

Now define the action of any given a G PSL{2, Z) on the section of U 
which is the unique flat global section given near by 2;~^"Li(2;, Xo, Xi), 
as the unique flat global section given near az by 

(a^)~^-'^oLi°(^,Xo,Xi). 

As it should, the action of a factors through that of a. Indeed, notice 
that z~-^°lA{z, Xq, Xi) acted upon by a is the same as 

(a2)-""'^«Li(az,a-^Xo,a-iXi). 

Again by universality of IX, also using the fact that the polylogartithm 
generating series forms a basis of fiat sections of IX, one sees that this 
action determines a tensor compatible family of maps of the global 
sections of the Deligne canonical extensions of the unipotent bundles 
on \ {0,1, oo}, and hence an element of 7ri(P^ \ {0, l,oo},C). In 
this way, PSL{2, Z) acts on the fundamental group via both a left and 
a right action, by post- and pre-composition respectively, in each of 
which a 1-cocycle on C«Xo,Xi»a arises as before (cf. Theorem 

6. PSL{2, Z) AND THE QUASI-TRIANGULAR QUASI-HOPF ALGEBRAS 

6.1. A pair of PS'L(2, Z)-torsors and the Drinfel'd associator. 

Using the power series realization given above, we proceed to exhibit 
two disjoint PSL{2, Z)-torsors comprising sections of CP. The guiding 
philosophy here is that the formal power series Drinfel'd associator 
^Kz should not satisfy relations other than the hexagonal relations and 

(21) ^KziZo, Z,)-' = ^Kz{-Zi, -Zo) 

for any formal non-commuting variables Zq and Zi. (Ignoring the extra 
braid relation in |Dri91] .) Indeed, to attain the results of this section, it 
is necessary to show that among certain expressions constructed from 
the i?- matrix exp(i7rXo) and $xz itself, no other relations arise. 

For any formal power series E{Xo, Xi) and any subgroup T of PSL{2, Z), 
now define £ e,t to be the space of global sections of IX given by 

{E(Xo,Xi)"F,(Xo,Xi)Li(z,Xo,Xi) G r(lt,pi \ {0, l,oo})|a G T}. 
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When E is group-like, ^e,psl{2,z) is contained in CP by Lemma 14. 121 A 
distinguished space of this kind is that for which E{Xq,Xi) = 1, as 
one sees by combining the fact that 

£l,PSL{2,Z) = ^F0,PSL{2,Z) 

for any /3 G PSL{2, Z) with the following immediate consequence of 

sn 

Corollary 6.1. For any subgroup T of PSL{2, Z), the set £i r of global 
sections of 7 is a T-torsor over \ {0, 1, oo}. 

We would like to know for which other group-like power series E the 
space Ss.r is a F-torsor, particularly when F = PSL{2,Z). A re- 
lated question is that of determining which such E give rise to dis- 
tinct PSL{2, Z)-torsors. In less vague form: can one explicitly char- 
acterise the quotient of the group-like elements of C«Xo,Xi » by 
3^psL(2,z) — PSL{2,'L)1 In such generality, the answer is not appar- 
ent to the author. However, in one special PSL{2, Z)-torsor 
different to £i,psl(2,z) can be identified, namely taking E{Xq,Xi) = 
^Kzi^o, Xi)- Proving this relies on the 

Lemma 6.2. For any rj G PSL{2,'Z) : 

(a) ^kz{Xq, Xi)^ has no linear terms (i.e. no terms in Xq and Xi 
alone). 

(b) The terms of degree 2 in $j^^(Xo,Xi)^ are 

sgn(7j)C(2)(XiXo-XoXO 
where sgnijj) denotes the sign of the permutation rj G S^. 

Proof. For = 1, (a) is a fundamental, well-known fact - cf. |Car01] . 
Since r/Xj is linear in Xq and Xi with no constant term for both j = 
and j = 1, (a) is immediate in the general case. 

For = 1, (b) is also well-known - cf. |LM96] . Then one computes 

C(2)(XiXo-XoXi)^ 

directly for each class of rJ in SL(2,Z/2Z) \ {1}, and sees that for 
f] = a o J) and p o a the expression is invariant under the r] action, 
whereas in the remaining three cases the t] action reverses the sign. □ 

Theorem 6.3. Iff] is an element of PSL(2, Z) for which fj is an even 
permutation, then there is no a E PSL{2, Z) for which 



Li°(z,Xo,Xi) = <^Kz{Xo,X,yU{z,Xo,X,). 
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Proof. Suppose contrary to the assertion that there exists some a G 
PSL{2, Z) for which 

The proof is carried out by ruhng out possibihties for the congruence 
class of a modulo S'L(2,Z/2Z): 

Firstly, a is not trivial: If this were not so, a would be given by some 
expression of the form of 

where g{x,y) denotes some element of the free group on the two letters 
X and y. But then Fa{Xo, Xi) = ^kz{Xq, Xi)^ would be expressible as 

<!>Kz{Xo, Xi)" = g{exp{2mXo), <I>kz{Xo, X,) exp{-2mX,)<l>Kz{Xo, X^f) 

On the right hand side, the coefficient of XiXq coming from the asso- 
ciators $xz and ^^z ^^^^ ^y 16. 2[ since a is odd. Hence, the 

XiXq term on the right side has coefficient of the form of {2'KiYN for 
some integer N . But in $^2, the coefficient of XiXq is of the form of 
sgn(r/)^(2) = a contradiction (regardless of the parity of rf). 

Next a : Should this be false, a would be of the form of 

5^o(p^ cr o p2 o 0-) o 0- o gi{p^ , a o o a) 

where go{x,y) and gi{x,y) are again elements of the free group on x 
and y. Since the reduction modulo SL(2,Z/2Z) of each expression of 
the form of gjip"^, o" o o cr) is trivial, this decomposition of a would 
give 

^KziXo,Xiy = (7i(exp(-27r2Xi),<l>^^exp(27r2Xo)$A-z)<fi^z(Xo,Xi)'^ 
■ ^o(exp(27riXo), exp(-27riXi)$^^). 

But the XiXq coefficients on both sides cannot agree when r] is even: 
On the left side, this coefficient is sgn(fi)({2) and on the right, — C(2) + 
(27ri)^M where M is some integer. 

The remaining cases are dealt with by similar means, instead consider- 
ing only the linear terms. We expound this method completely only in 
the most complicated situation: Suppose that a = a op oa. Then for 
j = 0,1,2,3 there exist elements gj{x,y) of the free group on {x,y}, 
for which a is one of the expressions 

fl'o(p^ crp'^a) o o- o 5(i(p2, crpV) o p^^ o 5(2 (p^ crpV) oaog.^{p'^, ap'^a), 

either by f|T2l) or the topological picture of ^ (writing ap'^a for a o 
p^ o cr). Again because the reduction modulo S'L(2,Z/2Z) of each 



42 



SHELDON JOYNER 



expression of the form of Qjip'^, a o o a) is trivial, it follows from the 
action of a on Li(2;, Xo,Xi) by means of the above expressions that 

(22) ■e^^-^^Gi(Xo,Xi)'^<l>;,^(-Xi,-Xo)Go(Xo,Xi), 

writing (7j(exp(27rzXo), exp(— 27riXi)$'^^) = Gj{XQ,Xi) for each 

1 = 0, 1, 2, 3. Now on the right hand side of this supposed expansion of 
^kz{Xq, Xi)^ , the linear term is of the form of =Fi7rXi + 27ri(aoXo + 
oiXi) where oq and ai are integers. This term does not vanish. On 
the other hand, by Lemma [6.21 (a) ^kz{Xo, Xi)^ has no linear terms. 
This is a contradiction. 

The other three cases {a being respectively p, poo" or aop) are similar. 

□ 

Theorem 16.31 may also be stated as follows: 

Corollary 6.4. Ifr] is a fixed element of PSL{2, Z) for which fj is even, 
then the spaces of sections £#'],^,p5l(2,z) o'^^ £i,P5L(2,z) f^^e disjoint. 

Proof. Suppose that there exist some a, (3 E PSL{2, Z) for which 

<l>Kz(Xo,Xi)"°''F„(Xo,Xi) = F;3(Xo,Xi). 
Then since = 1, also Fa^^-i = 1, so 

$^z(Xo,Xi)°°'' = F^(Xo,Xi)F„-i(Xo,Xi)° 

and hence 

^kz{Xq,XiY = F^(Xo,Xi)" Fq,-i(Xo,Xi) = Fq,-1o^(Xo, Xi) 
violating Theorem 16. 3[ □ 

Lemma 6.5. // E is an invertible formal power series, and E'^Fa = 
E^Fp for some a,P in PSL{2,'Z) , then E = E'^F^ where 7 has order 

2 or 3. 

Proof. Assuming E°'Fa = E^Ffs, then 



Now F^ 'F^-i = 1, so 



771 rpa ^o(3 rpa ^ rp rpa ^of} rp 

tj — tj t p ta--^ — -Tq-Io^ 



and we take 7 = a ^ o j3. 
But then 



E = E^F^ = {E^F^yP^ = F^2 = ... = E^ F^k 



QUASI-MODULARITY 



43 



for any k > 1. Now 7 has order 2 or 3, being an element of S'3. Hence 
E = EF^k where = 2 or = 3. Making use of the invertibihty of E, 
the assertion follows by application of 14.111 □ 

Theorem 6.6. For any f] E SL(2,Z/2Z) and any lift i] off]toPSL(2,Z), 
there are no distinct a and (3 in PSL{2, Z) for which 

^KZ^o, - ^KZ^0- 

Proof. The case of rj = a is covered by Theorem I4.1H since 

^'kZ^o = F^Fa = Faoa- 

The remaining proofs run along the same pattern to each other, so we 
show only that for r/ = 1 : 

Suppose instead that there exist some a and (3 in PSL{2, Z) for which 

nzFa = <zFp- 

Then by the Lemma there exists some 7 of order 2 or 3 in PSL{2, Z), 
for which 

(23) ^Kz = ^IzF,. 

Firstly suppose that 7 has order 2. Then necessarily 7 = 0". Conse- 
quently, 

^KZ = ^KzF^ 

so that 

^Iz = F,. 

It now follows that 'J cr, since, were this to be the case, $1-^ would 
have to equal F^r = ^kz 5 but by means of 16.21 an examination of the 
coefficients of the XiXq term of these respective power series yields 
2({2) for the first and — C(2) for the second, an impossibility. 

Again because 7 = a, as in the proof of I6.3[ we have 

7 = 5(0 (p^ crpV) o 0- o 5(i(p2^ o-pV), 

where for j = 0, 1, gj{x,y) is some word in x,y,x^^ and y~^. At the 
same time, since 7 has order 2, one sees that go = g^^. But then 

"^Kz = gi{exp{2niXo),<l>Kzexp{-2niXi)<i>''Kzy- 

• g^\exp{2mXo), $i^z exp(-27rzXi)<l>^^) 

(24) = (7i(exp(-27r2Xi), <l>^^exp(27riXo)$,,z)- 

(25) ■ g^\exp{2mXo), exp(-27rzXi)<l>^^). 

Comparing the XiXq coefficients of both sides produces a contradic- 
tion: Indeed, on the left side this coefficient is 2^(2) by 16.21 On the 
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other hand, on the right the coefficient is of the form of ({2)A+{2TTi)'^B 
where A and B are integers and the value of A can be computed using 
16.21 As before, for any 6 G PSL{2, Z) the XiXq terms in each ex- 
pression of the form of exp(— 27rzXi)$^^)'' are the negatives of 
each other (again by I6.2[ since a has odd parity as an element of 5*3). 
Hence the only contribution to A comes from the factor of - 
i.e. A = —1. Since B is to be an integer for which 

-C(2) + {2mYB = 2C(2) = ^, 

this is impossible. 

We conclude that if ^kz = ^^'kz^h then 7 must have order 3. In this 
case, 7 = aopor7 = poa. In the first case, by (123|1 and the fact that 
^K^z = ^Kz^ one has 

(26) Kz^KZ = F, 

for some 7 G PSL(2,'Z). By similar arguments to those above, F^ is 
given by 

h^\exp{2mXo),<l>Kz{Xo,X^)exp{-27rtX,)<!>Kz{Xo,X^rrPexp{-7nX,) 
/i2(exp(27rzXo), <i>Kz{Xo, Xi) exp{-2mX,)<i>Kz{Xo, Xi^y 
<l>Kz{Xo,X^rh^{exp{2n^Xo),<!>Kz{Xo,X^)exp{-2n^X^)<^>Kz{Xo,X^r) 

where hj{x, y) is a word in the symbols x^^,y^^, for both j = 1 and 2. 
If this expression is to equal ^'^j^^^kz, the XiXq terms of both sides of 
(!26|l must agree. However, the coefficient of this term in the product of 
associators is 0, by l6.2[ while in the term coming from the expansion of 
7, the coefficient is of the form of C{2)C + (vrz)^!), for some integers C 
and D, as before. Exactly as above, one sees that necessarily C = —1, 
which is absurd. 

Finally, should 7 = p o a, a similar proof goes through as before: One 
finds that the equality 

would hold. By the same type of argument as above, computing the 
form of F^ and the coefficient of XiXq on the respective sides of the 
equation, one arrives at 

= C(2) + {nifM 



for integer M, an impossibility. (Here the +C(2) on the right comes 
from the coefficient of XiXq in ^^z-) ^ 
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Now for each class rj G SL{2, Z/2Z) with rj E PSL{2, Z) some hft of r], 
define 

■^^^,PSL ■■= {$^1(Xo,Xi)F„(Xo,Xi) G C«Xo,Xi»|a G PSL{2,Z)}. 

Of course, 5'#'7,p5l = 3^<s>^,psl for any -u G PSL{2, Z) with v = rj. 
Now set 

By the above theorem @ gives a well-defined mapping of ,psl ^ 
3^$'7,P5L into 5'$»7,psL- Also, we can define an action of PSL{2, Z) on 
3'<i>v,psL by setting 



With this action, 



Corollary 6.7. For every fj G SL{2, Z/2Z) anc? any lift thereof to t] E 
PSL{2,Z), 3'$'7,p5L(2,z) (and hence also S'^v^psl{2,z)) is a PSL{2,Z)- 
torsor. 



Proof. The action of PSL{2,Z) is faithful by Theorem 16.61 □ 

By 16.41 we have produced at least two disjoint PS'L(2, Z)-torsors. 

Remark 6.8. The fact that ^kz is not of the form of Fa for any 
a G PSL{2, Z) (by 16. 3p aligns with the expectation that no relations 
similar in structure to the hexagonal relations (besides these relations 
themselves) link the associator to admissible products of the i?-matrix 
with under the associated SL{2, Z/2Z)-action. On the other hand. 
Theorem 16.61 limits the relations of the type of (1211) . and one expects 
that more generally, no other such relations exist. 

6.2. Mapping PSL{2, Z) into qtqH algebras. The power series re- 
alization of PSL{2, Z) gives an embedding of PSL{2, Z) into the formal 
model of quasi-triangular quasi-HoPF algebras given by Drinfel'd - 
i.e., the formal power series algebra C« Xq, Xi » with distinguished 
elements ^Kzi^o, Xi) and R = exp(z7rXo). In this context, the hexag- 
onal relations reflect the hexagonal axioms given in §1.4[ which dictate 
how the associator and i?-matrix interact in a general qtqH algebra. 

Suppose that g is a Lie algebra over C and that t G g g is symmet- 
ric and g-invariant. Then form the universal enveloping algebra U{q) 
and write A = U{Q)[[h]]. Situations of geometric interest arise when g 
is the Lie algebra of the unipotent completion of some fundamental 
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group TT^^{X,c): See |Kim09] for a general construction of the uni- 
versal prounipotent pro-bundle with connection on a scheme X using 
f/(Lie(7rr(X,c))). 

Drinfel'd showed in |Dri91] that A can be endowed with the structure 
of quasi-triangular quasi-HoPF algebra by taking the associator to be 

$ = (nti2^ -Hf^) e A IS) A IS) A 

where H denotes Planck's constant H = h/27Ti, with = t (g) 1 
and = 1 ® t] and the i?- matrix R = exp{iiTHt). (In our version of 
Drinfel'd's formal model, we take h = 27ri.) 

This provides motivation for the following set-up: Let k be an arbitrary 
field of characteristic 0, and A = U{Q)[[h]] as above. In this general 
setting, Drinfel'd (loc. cit.) proved that one can form a qtqH al- 
gebra {A,e, A,^, R) which by means of some gauge transformation if 
necessary, can be assumed to have the symmetry properties: R^^ = R 
and = where if i? = ^ (g) 6j, then R^^ = X] ® '^j' ^^"^ 
$ = ^ ® ^i, then $'^2^ = ^ (g) ?/j Xj. These last expressions 
can be described via the action of the elements (1 2) of S2 and (1 3) 
of S3 respectively. Defining R = 1 ^ R, then by the symmetry, S3/S2 
acts on R. This is in line with the action of 5*3 on the single formal 
variable Xq - see the table in ^ - when we take the generator of 5*2 
embedded into 5*3 to be p = (2 3). 

To be consistent with the approach taken in this paper, the action of 
on $ ought to give For this to be the case, we must also take 
a={l 3). 

Then defining R^^^ and ^"^^^ as in §1.41 above, and the action of A G 5*3 
on i? by i?'^, we have 

^321 _ ^312 = = jfop ^^^,^^,^1 

^213 _ ^231 _ ^aopoa ^ p,poa = ^ai®l®hu 

and write $^21 _ <|)0- qt^^^ gQ particular, one finds 

,|,231 _ (^poa ^312 _ (^aop 

,|,213 _ ^CTopoCT ^132 _ 



In this notation, the hexagonal axioms of ([9]) and ( jlOl) take the form 
of: 

(27) (A ® id)R = $^°^f?^°^($'^)-ii?$ = ^^°PRP°^^p°^m 
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and 



(28) (id (g) A)R = ($''°<^)-ii?'^P'^$'^P'^i?'^$-i = (l>PR''p"(!)"f"'R^(!>^. 
(Here we use that ($*J'^)-i = 

Then we can prove: 

Theorem 6.9. // {A,e, A,^, R) is a qtqH algebra in which (under a 
symmetric gauge transformation if necessary) = ^^^^ and R = 
R^^, and R satisfies 

(29) {id® A)R = R-\ 

then PSL{2, Z) may be represented on A ® A ® A by the mapping 
determined by 



Proof. Since we know that = it remains only to check that 

the hexagonal relations are compatible with the relations in PSL{2, Z) 
and that F preserves all the relations in this group. 

Using condition f l29|) and the relation aopoaopoa = pm S3, the 
hexagonal axiom fl28|) may be expressed as 

(30) 1 = R^^opo^°-po^R^°-p°^^^°-po^R^^^ = F{ao poao poao p), 
so F sends the braid relation in PSL{2, Z) into this hexagonal relation. 
Now write R = ^^ai®bi and Aq = c- ^ ® c-^^ and consider 





(TOpocr 




[(id ® A)RY, 



exploiting the symmetry R 



R in the last line. Now 



[(id ® A)RY = [R-'i 
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by the hypothesis (l29l) and the S3 action on R. 
Hence 

[(A (g) id)i?]^°^°^ = [R-Y°'^ 

so that 

[(A ® id)Rf = R-\ 

But then the first hexagonal relation (1271) is the same as the equation 
one obtains by applying a to both sides of fl30|) . □ 

If {A, 6, A, $, R) is a qtqH algebra satisfying the hypotheses of the the- 
orem, any representation of A induces a representation of PSL{2,Z). 
Since RepPS'L(2, Z) is a tannakian category, this does not result in an 
embedding of monoidal categories of Rep A into RepP5'L(2, Z) unless 
RepA is in fact a tensored category. For this to happen, the commuta- 
tivity isomorphism in RepA must be involutory and hence R^^ = R~^. 
But then in this situation, R = R~^, so the representation of PSL{2, Z) 
on A ® A ® A factors through SL{2, Z/2Z)! 

7. QUASI-MODULARITY IN PROVING THE FUNCTIONAL EQUATION 

OF C(s) 

7.1. A topological vision of Riemann's proof. The first of the two 
proofs of the functional equation satisfied by the Riemann zeta func- 
tion ({s) given by Riemann himself in |Rie92j admits a very natural 
algebro-topological explanation. This is most readily seen by means of 
the logarithmic co-ordinates on \ {0, 1, 00}, for which the analytic 
continuation is obtained via the contour integral 

(31) CW = ^^^/^(log.)'-^^, 

2m J ji^l — z z 

where A denotes a contour moving slightly above the real axis from 
the vicinity of to some point close to 1, then encircles 1, and returns 
below the real axis to some point near 0. To make sense of the com- 
plex power occuring in this integral, a branch cut for the log(log( ■ )) 
function is required. A suitable choice for the branch cut is exactly the 
(tangential) path from to 1, which is precisely the path avoided by A 
as it encloses the point at which is singular! Now Riemann's idea 
was to evaluate the integral on some closed path excluding these singu- 
lar points - i.e. to make use of Cauchy's theorem, which is essentially 
the topological statement that an integral 

^f{z)dz 
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of a meromorphic / is a functional on homotopy - more precisely on 
the fundamental group of C minus the points at which / is singular. To 
implement this idea, it is necessary to lift A to the Riemann surface 
X on which the logarithm function is single- valued, again marked with 
a branch cut along the path from to 1 in the principal sheet, making 
log(log( ■ )) single valued. This is the genesis of the contour in C, which 
featured in Riemann 's original proof. 

Evidently it is the branch cut which distinguishes the lift of A to the 
principal sheet of X from the lifts to other sheets, and which conse- 
quently explains the term —({s) coming from integration in this partic- 
ular sheet whereas no such term arises from the contributions in other 
sheets. The harmonic factor sin (^) in the functional equation comes 
from the interplay of terms from both sides (above and below) of the 
log(log( ■ )) branch cut, while the ({1 — s) term arises from the totality 
of the residues at lifts of 1 to X, other than in the principal sheet. 
In these distinct sheets, the values of the logarithm essentially encode 
monodromy data. In the computation of the residues, the monodromy 
terms play a vital role. 

In a nutshell, Riemann's proof shows that the functional equation for 
is a consequence of 

being a homotopy functional - in particular, in some completion of 
7ri(X\(0,l)) (omitting the branch cut pertaining to loglog( ■ )) we 
evaluate this integral along a path bounding a region on which the 
integral has no singularities, and the statement that this integral is 
zero is the functional equation. 

7.2. Families of integral expressions for ({s). In previous work, 
|JoylO| , the author developed a theory of complex iterated integral 
generalizing the usual notion of iterated integral as in the work of 
Chen. In particular, on \ {0, 1, oo}, if F{z) denotes a function with 
-F(O) = having Taylor series expansion on the unit disc for which 
the nth coefficient is 0{n^) for some /c > 0, then we define 

(3.) m^^^^lmi^^^j:^^-^^^^^ 

where the usual regularization of the logarithm at zero is understood, 
in which case the integral can be shown to converge on IHe s > k + l.ln 
what follows we shall write L[F]{s) := L[F]{s, 1) and say that the func- 
tions F{z) satisfying the conditions given above are fc-BlEBERBACH. 



50 



SHELDON JOYNER 



w] 



This complex iterated integral turns out to coincide under the change 
of variables x = — log t with the fractional integral as defined by RlE- 
MANN and LlOUVILLE; for which the additive iterativity property 

(33) L[F]{s) = l\[ F{t)(^ 

holds for those w for which all relevant integrals converge, {w should 
have iHe w > k + 1 and ^He {s ~ w) > A; + 1.) Although this much 
is classical, the iterated integral perspective lends itself to powerful 
generalization, gives the structure of HoPF algebra on a suitable al- 
gebra of formal power series expressions in non-commuting variables 
(see [Joy] ) , and has various interesting number theoretic consequences 
(see [JoylO] ), among them the non-classical multiplicative iterativity 
property 

'[0.1] n=l V^;/ ^[0,1] „=i 

for positive integer k. 

Each of these respective iterativity properties gives rise to an infinite 
family of integral expressions for the Riemann zeta function Ci^)'- 

Firstly, we remark that integrating along a path from to z in \ 
{0, 1, oo} against ^ is essentially inverse to applying the differential 
operator z-^. This is the principle idea behind Hadamard's differo- 
integration theory (see for example |SKM93] ). and finds expression in 
the following key 

Lemma 7.1. Suppose that F{z) is A;-Bieberbach. Then 



dz 



z4- 1 F(z) 
dz 



[s + m) 



L\F](s) 



U[0,z] \ ^ J 



[s — m] 



for all m G N, where the first and second integrals converge provided 
that 9^e s > A; + 1, while the third integral converges whenever SHe s > 
max{m, k + 1}. 

Proof. Firstly note that if F{z) is /c-Bieberbach, then 

z—j F(z) = ^a„n"^z" 

^ n=l 

is {k + m)-BlEBERBACH, (so that the first integral converges), while 
(35) 



Jm tin- 
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is k — m-BlEBERBACH, from which convergence of the third expression 
in the statement follows. 



Now recall (from |JoylO| ) that 



'[0,1] \ z J 

for t > 0, for any n > 1. This condition on t gives rise to the 
convergence condition for the third integral. 

Then the assertion follows from flM|) and fl35|) once we can justify in- 
terchanging the order of integration and summation. But this is a 
consequence of the Lebesgue dominated convergence theorem, as a 
standard argument shows as for example in |Hid93] . □ 

Now in the coordinates on \ {0, 1, oo} Abel's integral for ({s) be- 
comes 

(36) CW=/ T^CA'-L 



[0,1] 1 — ^ V ^ 



1 - z 



and hence by the lemma may be expressed by any one of the family of 
integrals 



(37) Cis) = / U,iz) 

for integer /i, with Li^(2;) denoting the usual polylogarithm function 

t f dt^ 



Uf,{z) 



[0,2] 1 — t V t 



when /i > 0, and otherwise the rational function 

dV z 



lA„\z) := \ z 



dz 1 — z 



On the other hand, by multiplicative iterativity and use of Abel's 
integral, 

n=l V ^ ^ 

for positive integer k. Observe that the case of = 2 corresponds 
to the theta function integral used in Riemann's second proof of the 
functional equation of C{s)i under the change of variables z = e~'^*. 

Since Abel's integral fl36|) (which forms the basis of Riemann's first 
proof of the functional equation) belongs to both families of integrals 
it is interesting to exhibit a proof of the functional equation making 
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use of an integral which is a member of the additive family of integrals 
but not of the multiplicative family. To this we next proceed. 

7.3. Analytic continuation at integer parameter fi > 1. Any of 

the polylogarithm integrals in (!37|) - barring that with ^ = 1 - provides 
the basis for the analytic continuation of ({s) to all of C\{1}. The 
absence of a proof with parameter 1 is explained by the singularity 
of ({s) at s = 1. More concretely, dealing with positive parameter n, 
({n) is a term of the Euler connection formula, or seen otherwise, the 
Drinfel'd associator has no linear terms. 

In every case, the crucial ideas in the analytic continuation are the 
same: 

For example, considering the dilogarithm integral 



(where we take x = — log z to obtain the last integral), for the analytic 
continuation of this integral to complex values of s for which fHc s < 2 
the standard (Hankel) contour C slightly above the real axis begin- 
ning at +00, encircling in the positive direction and returning to 
-l-cxo slightly below the real axis is not suitable, because the diloga- 
rithm monodromy term arising from moving about is 27rzx, which 
does not have finite Mellin transform. Instead we borrow an idea 
from the sine transform proof of the functional equation for ({s) due 
to TiTCHMARSH (see |Tit30j ). to deal with the singularity at x = and 
hence achieve the analytic continuation to 1 < IHc s < 2. The resulting 
integral lends itself nicely to the use of Euler' S dilogarithm inversion 
formula, which is a functional equation of the dilogarithm effecting a 
change between z = and z = 1. This effectively shifts the monodromy 
of Li2{e~^) to X = +00, so that Hankel's contour may be used. 

Now write Li2,ix{n-2)(-2) := Li2ii...i(-2) with the index 1 repeated n — 2 
times; i.e. the multiple polylogarithm 



in which the form -r^ occurs a total of ri — 1 times. In general we find 
Theorem 7.2. For each integer m >2, 






s 



dx 



X 
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For each fixed m, together with (l37j) this result gives the analytic con- 
tinuation of ({s) to all values other than {1} U {5^e s = m}. 

Notice that the proof makes essential use of the Euler connection 
formula encoded in (jlj) - i.e. 14.71 in addition to the monodromy data of 

mm 

Proof. Throughout let m denote an integer with m > 2. Then 

/•I „s-m J™ roo s-m J„ 

as) = / U^{e-)-^ + / Li^(e'- 







r(s — m) X Ji r(s — m) X 



1 r 



1 



-dx H h / Lim(e" 



r(s — m) s — m Ji 

This last expression holds also for m — 1 < 9^e s < m by analytic 
continuation, since Lim(e°) = C("^)- But on this vertical strip, 

r-OO 

x'-'^'-^dx. 



s — m 

Consequently, provided that m — 1 < s < m, we can write 



Jo \ I )T(s-m) 

(This much is borrowed from a similar analytic continuation in |Tit30] .) 

Now from |OU05] using exponential coordinates and Lii(2;) = — log(l — 
z), Euler's connection formula takes the form of 

^m— 1 

Li^(e-^) - CM = -Li2,ix(m-2)(1 - e"^) - ^^, (- log(l - e"^)) 

rLiafe"'') - ... - — Li^.afe""^) - xU^^iie'''). 



(m-2)! ' ' 2! 

In substituting this expression into (1381) we notice immediately that all 
other polylogarithm integral expressions as in fl371) with yU = 1, . . . , m — 
1 appear. These expressions are also valid for m — 1 < fHe s < m, so in 
each case, the resulting expression may be replaced by some multiple 
of C{s)- We show this explicitly when m = 2 : Then, 

(39) C(.) = r (Mi^ - 



jQ \ X x^ ) r(s — 2) 

whenever 1 < 9^e s < 2. Here, for fHe s > 1 we have 

C(s) = / Lii(2;) ( — ) = - / log(l - e 

J [0,1] 



\ 2; / Jo r(s — 1) X 
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From {s - 2)r(s - 2) = r(s - 1) it then follows that 
(40) / ^L_J_..._(._2)CM, 

for 1 < ^He s < 2. Then using (jlQj) in (139|), 

°°Li2(l-e-^) x^-i 



Most generally, repeated use of the functional equation 
(41) r(r + l) = rr(r) 

together with flTTI) shows that for each integer k with 1 < k < m — 1, 
ife( 



°^ x^-^Xii-Ce"^) x^-™ . fs-m)...(s-A;-ll 



= /" ,M C(s) 



{m — k)\x T{s — m) {m — k)\ 

s-k-1 
m — k 



as). 



Adding the negative of such expressions to both sides of our equation 
for ({s) (found by substitution of the Euler connection formula into 
( l38l) ) and using a simple inductive argument to add up the terms of 
the coefficient, (adding first l + {s — m) to obtain s — m + 1 then taking 
this as a common factor in summing with the next term and so on), 
the left side becomes 



, s — m \ f s — 2 

1+1 1 + ■+ m-l 



while the right side is given by 

x'-"" dx 



POO 

/ Li2,ix(m-2)(1 — e~^) 

^0 



T(s — m) X 



By equating coefficients of the first equation of I4.10[ one sees that 
Lio ix(m-2)(^) has no monodromy about z = 0. Thus, Li2,ix(m-2)(1 — 
e~^) has no monodromy about x = 0. Now with C as above, consider 

m ■■= f ^^^■^^^""l^^''"^\ -x)-Mx. 

Jc ^"^ 

Here the branch cut for the logarithm is taken along the negative real 
axis, so that for the portion of C above the real axis from x = +oo to 

x = 0, 

(^—xY = e''('°^^~*'^) 
and along the part of C below the real axis back from to +oo, 
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Now along the circle, say |x| = e, which is the piece of C around x = 0, 
the integrand is bounded by 



for some constant M > because Li2,ix(m-2)(1 ~ vanishes at 
a; = at least to the same order as does x. Now since 9^e s > m — 1, 
the integral about |x| = e approaches as e becomes very small. (The 
integral goes on the order of e^^ s-m+i 

Consequently, in the limit as e approaches 0, we have 
/(.) ^ -e— r Livx(^-2)(l-e-)^,da; 

/ rr'TTb rtf 



Li2,ix(>n -2)(1 - e ^) ^dx_ 

x™- X 



oo 

_^tns I ^ 



= ie--e-nl^^_\)ns-m)as). 

Now 2i sin(7rs) = e*'^^ — e"*'^^ and we may repeatedly use fj^Tj) to see 
that 

s-1 . Tis) Vis) 

L [s — m) 



m — 1 J _ 772) • (m — 1)! (s — m)r(m) 

Moreover, 



sm ns 



so that 



"^ - 1 y (s - m)r(m) 



[s — m)r(m)r(l — s) 



(s - m)r(m)r(l - s) /■ Li2,ix(m-2)(1 - e" ; 



Hence 

^ ■ > - 

This expression has been proven for m > £Hc s > m — 1, but converges 
for all s having s < m with the possible exception of the poles 
s = 1, . . . , m—1 of r(l— s) in this region of the plane. (When SHe s > m, 
the integrand exhibits unsuitable behavior at infinity.) However, for 
s = 2, ... ,771 — 1 the integral vanishes by Cauchy's Theorem, since 
along the real axis, L'Hopital's Rule shows that 

Li2,ix{m-2)(1 — e""") 1 

hm ; = — 

x^o x"^-! (m-l)(m-l) 
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where the derivative of Li2,ix(m-2)(1 — e ^) is 

1 — (m — 1)! 

This leaves only the simple pole at s = 1, for which we may compute 
the residue as usual: Firstly, 

ReSs=ir(l — s) = —1, 

so 

27rz (s — 'm)r(m) 



ReSs=iC(s) = lim(s — l)r(l — s 



s=i (m-l)!(m-l) 2TTi 

^ / ^. (1 -m)(m- 1)! ^ ^ 
^ \m-l)\{m-l) 

as is well known. 

The analytic continuation for ^(s) to ^R^ s < m is achieved by ( 142|) . □ 

7.4. Dilogarithm proof of the functional equation. Lifting the 
analytic continuation integral fj42l) to the Riemann surface on which 
the logarithm function is single valued, and computing by means of 
Cauchy's Theorem, the functional equation of ({s) may be proven. 
In principle, this may be done for each value of m > 2 using the 
monodromy of Li2,ix(m-2)(^) as may be calculated using KTO\ and the 
ideas of |MPvdHOO] . (In the notation of that paper, Li2,ix(m-2)(-z) = 

The interesting aspect of the computation is that the monodromy terms 
coming from considering Li2,ix(m-2)(1— e^^) around oo have themselves 
monodromy about the lifts of 1 (namely at 27rm for integer n), and this 
monodromy of the monodromy is what contributes terms that add up 
to C(l — s) multiplied by some factor. 

All such proofs follow the same pattern, so for clarity of exposition, we 
restrict ourselves to the case that m = 2 and present a careful proof in 
this situation: 

Consider a copy of C which should really be thought of as the punc- 
tured surface Xiog — > C\2'7rzZ on which the logarithm function is single 
valued, but which we shall consider as merely having a logarithmic 
branch cut along the negative real axis. Let a — )• 6 denote the straight 
line segment from a to 6 in C. Then let Cr^n denote the following suc- 
cession of paths: Firstly, a loop Co about from some large i? >> 
and back - more precisely a path beginning with R — ie ^ 6 — ie then 
looping about in the negative direction to a point 6+ie followed by the 



QUASI-MODULARITY 



57 



straight line segment ending at R + ie, where e and 6 are small positive 
real numbers; next R + ie ^ R + 2'Ki — ie proceeding with CQ + 2m and 
thereafter a line segment to R + Ani — ie preceeding Cq + Attv, and on in 
this way to some Co + 2NTTi for some large G N. Next, a line segment 
toR+ {2N + l)7ri followed hj R + {2N + l)7ii ^ -R+ {2N + 
-R - {2N + l)Txi ^R-{2N + l)7ii ^ R- 2Nni - ie. Subsequently, 
Co—2N7[i followed by the path which is the mirror image about the real 
axis of that described above, until reaching the starting point R — ie. 

Now Li2(l — e~^) has the monodromy terms 27rilog(l — e~^') along the 
paths R + 2kiTi — )■ R + 2{k + 1)711 (for integer k), since Li2(-2) has mon- 
odromy term —27Tilogz moving in a positive direction around z = 1; 
and as x rises by 2Tci in C, 1 — describes a negatively oriented circle 
about X = 1. These logarithmic terms themselves have monodromy of 
27rz about 2k7ci for integer k, because 1 — e~^' = at such points, and for 
rj sufficiently small, a negatively oriented loop of radius t] about 2kni 
maps to a positively oriented path encircling x = under x 1— > 1 — e~^. 

Hence, the region enclosed by such a path Cr^n contains none of the 
points at which the integrand (142!) nor the monodromy terms are sin- 
gular, for s < 0. By Cauchy's Theorem then. 



We proceed to compute this integral, under the assumption that D\t s < 



Firstly, we know that in the limit as e and 6 approach and R nears 
00, the integral along Cq tends to —({s). Next we have 



but passage along this line segment produces a monodromy term from 
the dilogarithm, of 



which must be taken into account along all subsequent paths. 

Now the dilogarithm integral along the translate Cq + 2ni approaches 
as 6 tends to by Cauchy's Theorem. In particular, notice that (— x)* 
has the same value on the straight line segments of this part of the path, 
so that the integral of the monodromy term involving log(l — e~^) also 
vanishes along these straight line segments. What remains to consider 




-2. 
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then from this portion of Cr^n is 



2)r(l-s) f 27r2log(l -e"^), dx 

~x I 



2711 J^^ x'^ ^ ' X 

where 7^ will denote the (negatively oriented) loop about 2Tiik for 
integer fc, along with 

pR+2-Ki+ie i 

{s-2)T{l-s){2m) / i-xy-'-, 

J2ni+5+ie ^ 

the term arising from the monodromy of log(l — e~^) about 2ni. As 
before, this last integrand must be considered along all subsequent 
subpaths of Cr^^. But notice that along the remaining translates of 
Co, this monodromy term (from passage around 27ri) is (again in the 
hmit as e 0) by Cauchy's Theorem. 

Now let D^n denote the rectangular path R+2mii — )■ i?+(2A^+l)7rz — )■ 
-R + {2N + l)m -R- {2N + l)Tii ^ R-{2N + l)7ii ^ R- 2mri 
for non-negative integer n < N. Continuing along Cr^n we find thus 
that the integrals which are yet to be computed add to 

fs-2)r(l-s) f Li2(l-e-^), ,Jx 

-x) 



N , 



2)r(l-s) /■ n27rilog(l -e-^), ^Ax 

\ 2 ~^ 

.' x' X 



27ri 



(s _ 2)r(i - s) A r /•«+2"-+^^ dx 



m{2'nif{-x^ 

-^R.n m=l 



2mri+5+i£ 

2 dx 

X 



along with terms with integrand of the form of (H3ll integrated along 
the outside contour. 

Now along the portion of Cr^n proceeding from the point —R + (2A^ + 
l)7ri, further monodromy terms arise from the dilogarithm terms, in 
this instance the negatives of terms of the form of fHSl) . All such terms 
themselves exhibit monodromy each time the path traverses a segment 
of length 2iTi along the line —R + 2N7[i — )■ —R — 2N'Ki since images 
of such segments trace out circles of radius about z = 1 under the 
mapping x 1— )■ 1 — = z. 

These new dilogarithm monodromy terms cancel out those from the 
first vertical portion of the path, so that all such terms add to zero by 
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when the point —R is reached along Cr^n- Below the real axis, negative 
terms accumulate so that once one reaches the point —R — {2N -\- l)7ri, 
the remaining dilogarithm monodromy terms add to 

-27riA^log(l - e"^). 

On the other hand, since the number of logarithmic terms as one moves 
along —R + icn (for real decreasing a) decreases from N to N — 1 
to N — 2 and so on, the sum of the logarithmic monodromy terms 
number successively A^(A^ + 1) /2; A^(A^ + l)/2 + N; then A^(A^ + l)/2 + 
N + {N — 1) and so on, until at the point —R, there are N{N + 1) 
such terms. Thereafter, the increasing number of negative logarithmic 
terms decrease the total number of these second monodromy terms. 
Eventually, at —R — {2N + l)7ri, the end of the vertical line, the terms 
which remain sum to 

{2my[l + 2 + ... + N]. 

By the same argument as before, the integral coming from the terms 
(27ri)^[l + 2 + . . . + — 1] is zero around Cq — 2N7ri, but because of 
the monodromy of the log term about —2N7ri, the integral 

(.-2)r(l-..) j£ 

27r« J R-2N-Ki-ie ^ 

does need to be taken into account. Continuing back to the starting 
point of Cr^n, similar terms add to 

This expression, along with its counterpart from the part of Cr^n with 
positive imaginary part, is readily computed in the limit that S and £ 
approach while R tends to oo : Indeed, by using Cauchy's Theorem 
applied to rectangular contours respectively below and above the real 
axis, we find that 

''^'^'+''-^" dx {2TTy{iyn'-^ 



p—znm+o—ie 

(44) liin / n{2nif{-x) 



s-2' 

X 



whereas 

(45) hm / n(27ny(-xy ^ — = — — — ^- . 

il-^oo;5,£-.oy2n,ri+6+i£ ' ' X S-2 

More precisely, taking sS — ^ 0, consider the contour ER^n,K,- formed by 
R — 27rin — 27rm —in R — in ^ R — 27rin 
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where k > is small. Then one computes 



-X) 



dx 



(27rn) 



2-Kin 



X^ 



X 



S-2 



— e 2- 



s-2 



and 



while 



R—iK 



-xY dx 



IK 



vs-2 



s-2 



x^ 



X 



R—2iTin 



' —xY dx 



X^ 



X 



< Ke2tt ■ max 



-X 



x^ 



where Ke > is constant and the maximum is taken over the straight 
line segment R — ik ^ R — 27rin, so that this last integral approaches 
zero as R grows without bound. Adding these integrals in the limit 
that i? — )■ oo, we obtain 

(27™)"-2 



s-2 



and by Cauchy's Theorem, the integral in (1441) is the negative of this 
quantity multiplied by ?T,(27rz)^, from which we deduce the equality in 
(jH]). A similar computation suffices to show the validity of fH5|) . 

Adding all such terms of the integral along n then gives 



(s-2)r(l-s) {2ny[i' - {-iy] 



2TTi 



s-2 



E 

71=1 



S-1 



r(i 
r(i 



s 2% 



s„s-l' 



s)2"7r'~Sin I 



2i 

flTS 



-C(i 



vylCd 



Since this term added to —C{s) gives 0, the functional equation follows. 

It remains to be shown that in the limit, the remaining terms approach 
0. It is convenient to assume that 2(2iV + l)n < R 

We begin with the integral 



(46) 



Li,(l 



-X 



x^ 



,dx 



X 



where the monodromy terms are ignored. This is most readily approx- 
imated by considering separately the two portions of the path Dr q on 
respective sides of the imaginary axis, say -D/j,+ for the part with non- 
negative real part and its counterpart -D_r,- to the left of the imaginary 
axis. 
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Now both Dr+ and D/?, _ have length 2R + 2{2N + l)7r < 3i? by the 
assumption on N . 

Along -Di?,+ , |Li2(l — e"^)| < (C(2) + 112(2)5^) where e > approaches 
as i? — )■ cxD since 1 — is close to along R + ia for real a, while 
112(1 — e~^') = 112(1 + e~') for positive / along both R + {2N + l)7ri -> 
(2A^ + l)7ri and -(2A^ + ijvrz i? - (2A^ + l)Tii. Because the points of 
Dn^^ are outside of a circle of radius also 



-X] 



l!Hc s-3 



Hence, for C and C" denoting positive constants, a bound on the ab- 
solute value of the part of f H6|) along i^_R,+ is 



^^«c ^-^(^(2) + Li2(2) + eR){2R + 2{2N + l)7r) < C'i? 







as R tends to 00, because fHe s < —2. 

Now on -Dr,_ we again use Euler inversion to rewrite the integral as 
/ [C(2) - Li2(e-^) + X log(l - e-)] ^^^^^ 



(47) 



X 



Now Li2(e~^) + C(2) may be bounded along Dr _ in similar vein to the 
bound obtained for Li2(l — e~^) along -Di?,+ and it hence follows that 
the contribution from these first two terms approaches zero as i? — )■ 0. 
As for the logarithmic term, notice that for a; G M, 



lim 



log(l 







x^ 



by L'Hopital's Rule. Consequently, for any given 77 > 0, one may 
choose R sufficiently large so that also 



(48) 



log(l 



for any x on Dr _. Thence, a bound on the third term of Wl\ is 

Kr]R^' '+\2R + 2(2iV + l)7r) < K'r]R^' 

(with positive constants K and K'), which tends to as i? goes to 
infinity, since we assume that s < —2. 

These estimates also serve to deal with the logarithmic terms coming 
from the monodromy of the dilogarithm, integrated along the bound- 
ary. In particular, it is easily seen that the bound fHHl) holds along all 
of Dpi o if 7] is chosen suitably. Now the absolute value of the number 
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of such logarithmic terms is at most N, so if K" and K'" denote some 
positive constants, the sum of such integrals is bounded above by 



N 



j 



log(l 



e"^) 



-x) — 

X 



< K"NrjR^' '{4:R + 4:{2N + l)7r) 



< K"'r)Ii 



lit p$He s+2 



which as before can be made arbitrarily small. 
Next consider the integrals 



E 



n27rilog(l — e , .dx 



=1 -'1 



x^ 



X 



For each n, make the change of variables y = x — 27rin to obtain 



N 



E 

n=l •''TO 

N 

= E 



n27rilog(l — e ^) 



= 1 -^70 



(y + 27rm)^ 

n27riy log(l — e~^) 
{y + 27rin)^ 



—y — 2'ninydy 



[—y — 2mn) 



■dy 



Along the real axis, L'Hopital's Rule gives 

limylog(l — e~^) = 0, 
y->-o 

so that any point z along 70 has 

|zlog(l - e"")| < |2yo(log(l - e-^") + 27rz)| < t]' 

where yo lies on 70 n M>o and rj' > approaches with 5. This shows 
that 

-y — 2mny dy 



1 



—y — 2Triny dy 
70 (y + 27rm)3 y 

«e s-3 



= r]'{27m) 

using the calculus of residues for the last computation. Adding now all 
such terms along with the similar integrals along loops around —2mn 
for n > 0, the bound computes to 77'2(27r)^' *~^C(2 — s) and this evi- 
dently tends to as 77' does. 

Finally we dispense with the terms arising from monodromy of the 
logarithmic terms, integrated along the outside of the contour. The 
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largest number of such terms at any point along the contour is A^(A^+1) 
so that the sum of all such integrals is certainly bounded by 

N{N + 1){4R + 4{2N + l)7r)R^' ^"^ < R^' 

which becomes arbitrarily small as it! grows without bound. 
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